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Introduction

Problem & Approach

Many modern image analysis techniques take advantage of lifting an image to the space of posi-
tions and orientations. The idea is to assign to each point of the imagenot simply a single intensity
(or 3 intensities in case of colors) but an intensity for eachorientation, these intensities then tell us
how strongly aligned the image is to that particular orientation at that point. Decomposing an im-
age like this (via the orientation score transform) gives us a tool to process it in an orientation aware
manner. The general image processing pipeline this introduces is illustrated in figure 1, compare
the blurriness of the crossings of the spatial method versus the orientation score method.

Figure 1: Preserving the structure of crossings during denoising on Orientation Scores (OS).

Restricting ourselves to 2D imageswe start by introducing the homogeneous space of 2Dpositions
and orientations, we develop a set of geometric tools on this space that take into account the
natural interaction between and composition of translations and rotations.

This higher level geometry can then serve as the backdrop on which we can formulate PDEmeth-
ods. When doing image processing it is desirable, if not required, that the methods used are
equivariant under rotation and translation, i.e. the output should rotate/translate together with
the input. In a Euclidian setting special care needs to be taken when formulating PDEs that they
are roto-translation equivariant, on the space of positions and orientations this property comes
much more easily.
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Describing image processing techniques with PDEs has the benefit of geometric interpretability.
An important modern image processing tool that lacks a general interpretation is the Convolu-
tional Neural Networks (CNN), being able to describe CNNs in terms of PDEs would go some way
in alleviating this deficiency1 by giving a concise high level mathematical description of the ac-
tion of the network, we will give some initial results that contribute to such a PDE framework.
This would also open up such networks to existing mathematical analysis techniques.

Conventional CNNs are translation equivariant but not, by themselves, rotation invariant. In tasks
such as classifying objects this is an obvious shortcoming as figure 2 illustrates. In current prac-
tice this is dealt with by data augmentation: the network is trainedmultiple times on instances of
the same image rotated under various angles. This data augmentation is inefficient and extends
the training time by an order of magnitude.

Figure 2: Classifying objects: current CNNs are translation invariant but not rotation invariant
without data augmentation, this can lead to situations where an object is labeled differently de-
pending on its orientation.

But we can wonder if the structure of a CNN makes is translation equivariant is it not possible
to design it in such a way that it is also rotation equivariant from the start? The answer is yes,
by giving it the same structure as we did our denoising methods: lift the image to the space of
positions and orientations.

Research Context

Our work in geometric denoising of 2D images complements work done by our supervisors in
contour enhancement [2], crossing-preserving filtering [3] and tractography [4], all of which focus
on the enhancement 2D and 3D medical imaging types such as X-Ray and MRI. In each of these
PDEs are formulated on the space of positions and orientations in order to disentangle crossings.

In amore general setting similar work is being done in studyingmathematical techniques for de-
noising and enhancement using the same tools aswewill use such as total variationflow [5],mean
curvature flow [6, 7] and other geometricmodels that deconstruct images based on orientation[8].

With respect to machine learning a similar trend of introducing non-Euclidian geometry is hap-
pening both in Eindhoven [9] and abroad [10, 11, 12] with the aim of endowing neural networks
with more structural properties such as rotation equivariance without data augmentation.

The correspondence between PDEs and convolutional neural networks has also been previously
noted and used to solve PDEs[13]. However to our knowledge has not been used the other way
around: letting PDEs inspire network design.

We will give a modest first step in applying this idea in Chapter 3 by introducing morphological
convolution to the last layer. An overview of how a PDE can dictate CNN design (and how mor-
phological convolutions arise) is given in appendix A. This idea, while still being fleshed out, has
yielded positive results in our first experiments, giving us reason to pursue it further.

1See [1] for a general critique on black box machine learning models and why interpretability matters.
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Chapter 1

Geometric Theory

1.1 The Space of 2D Positions and Orientations 𝕄2

A roto-translation in the plane is a translation followed by a rotation, which we can represent
by elements of ℝ2 × 𝑆1. Two roto-translations performed one after another result in a net roto-
translation, so these operations form a group. And while translations commute and rotations
commute, roto-translations do not, this composition and lack of commutativity is illustrated in
figure 1.1.

Figure 1.1: Roto-translations can be composed to form a non-commutative group.

Consequently we do not want to use ℝ2 × 𝑆1 as a direct product group, but specify an indirect
product.

1.1.1 Construction of the Manifold

First we make rotations in the plane concrete.

Definition 1.1 (Rotation Operator). Let 𝑠 ∈ 𝑆1 parameterized by angle 𝜃, then 𝑅̃𝑠 ∶ ℝ2 → ℝ2

gives a rotation of the plane by acting on the orthonormal basis (e1, e2):

𝑅̃𝑠v ∶= 𝑅𝜃v ∶= 𝑅𝜃 (𝑣1e1 + 𝑣2e2) ∶= (cos 𝜃𝑣1 − sin 𝜃𝑣2) e1 + (sin 𝜃𝑣1 + cos 𝜃𝑣2) e2.

Remark 1.2 (Notation). We will be using the convention where covariant components are in-
dexed using subscripts and contravariant are indexed with superscripts (like 𝑣1 and 𝑣2 above),
when there is possible confusion with powers we will use extra brackets, for example (𝑣𝑖)𝑗

(where the inner superscript is an index and the outer superscript a power).

Nowwe can specify exactly how roto-translations are composed and define the space of positions
and orientations by representing elements of 𝑆1 with their respective rotation operators.
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Definition 1.3 (The 2D space of positions and orientations).

𝕄2 ∶= ℝ2 ⋊ 𝑆1 ∶= (ℝ2 × 𝑆1, ⊙) .

Where ⊙ denotes the composition of roto-translations. Let (x1, 𝑅1) , (x2, 𝑅2) ∈ ℝ2 × 𝑆1:

(x1, 𝑅1) ⊙ (x2, 𝑅2) ∶= (x1 + 𝑅1x2, 𝑅1𝑅2) .

We will represent elements of 𝕄2 in the following manner:

(x,n) ∈ ℝ2 × {n ∈ ℝ2 | ‖n‖ = 1} . (1.1)

Where x = 𝑥1e1+𝑥2e2 straightforwardly represents the translation andn = 𝑛1e1+𝑛2e2 is the result
of the rotation acting on a reference vector, in our case we use e1. Put another way: if we have
a rotation operator 𝑅𝑠 associated with some 𝑠 ∈ 𝑆1 then n𝑠 = 𝑅𝑠e1. Since there is no ambiguity
we will also denote this rotation operator as 𝑅n, so that 𝑅ne1 = n. The neutral element is then
written as 𝐼 = (0, e1).

The following definitions give some convenient shorthands.

Definition 1.4 (Orientation vector shorthands). Let n = 𝑛1e1 + 𝑛2e2 then

n ∶= 𝑅ne2 = −𝑛2e1 + 𝑛1e2,
n−1 ∶= 𝑅−1

n e1 = 𝑛1e1 − 𝑛2e2.

Which are just the vectors rotated 𝜋
2 counter-clockwise resp. mirrored over the reference spatial

axis as illustrated in figure 1.2

Figure 1.2: Relation between rotation vectors and operators.

Under this representation the group operation is:

Definition 1.5 (Group operation).

(x, n) ⊙ (y, m) ∶= (x + 𝑅ny, 𝑅nm) .

Note that this product is not commutative and that (x, n) is applied before (y, m) is. In the same
vein the inverse of a group element is given by:

Definition 1.6 (Group inverse).

(x, n)−1 ∶= (−𝑅−1
n x, 𝑛1e1 − 𝑛2e2) = (−𝑅n−1x, n−1) .

For the purpose of computation it’s often helpful to represent the rotation operator in the familiar
matrix fashion:

𝑅n = (
𝑛1 −𝑛2

𝑛2 𝑛1 ) . (1.2)
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In fact the entire group element can be represented in matrix form:

(x, n) =
⎛
⎜
⎜
⎝

𝑛1 −𝑛2 𝑥1

𝑛2 𝑛1 𝑥2

0 0 1

⎞
⎟
⎟
⎠

, (1.3)

where now the usual matrix multiplication handles the group operation with 𝐴 ⊙ 𝐵 = 𝐴𝐵.

Some care now needs to be taken with choosing charts for 𝕄2 since it is not homeomorphic to
ℝ3. Consider the following atlas of 𝕄2:

Definition 1.7 (Helical atlas of 𝕄2).

Φ = {𝜙𝑧 | 𝑧 ∈ ℤ} ,

𝜙𝑧 ∶ {(x, n) ∈ 𝕄2 | 𝑛1 ≠ 2 (𝑧 mod 2) − 1} → ℝ2 × (𝜋(𝑧 − 1), 𝜋(𝑧 + 1)) ,

𝜙𝑧 ((x, n)) =
⎛
⎜
⎜
⎝

𝑥1

𝑥2

𝜋𝑧 + Arg ((−1)𝑧 (𝑛1 + 𝑖𝑛2))

⎞
⎟
⎟
⎠

,

𝜙−1
𝑧 (𝑥, 𝑦, 𝜃) = (𝑥e1 + 𝑦e2, cos 𝜃e1 + sin 𝜃e2) .

With this atlas we can establish the smoothness of 𝕄2.

Proposition 1.8. 𝕄2 is a smooth manifold.

Proof. We can check the transition functions1 to confirm the compatibility of the charts, let
𝑧1, 𝑧2 ∈ ℤ, then:

𝜙𝑧1
∘ 𝜙−1

𝑧2

⎛
⎜
⎜
⎝

𝑥
𝑦
𝜃

⎞
⎟
⎟
⎠

= 𝜙𝑧1 (𝑥e1 + 𝑦e2, cos 𝜃e1 + sin 𝜃e2) =
⎛
⎜
⎜
⎝

𝑥
𝑦

𝜃 + 𝜋 (𝑧1 − 𝑧2 + 𝑍𝑧1,𝑧2
(𝜃))

⎞
⎟
⎟
⎠

,

where

𝑍𝑧1,𝑧2
(𝜃) ∶=

{
0 if 𝑧1 − 𝑧2 is even,
2 1{𝜃 < 𝜋𝑧2} − 1 else.

In any case the spatial components transform as the identity. For the orientation component we
need to distinguish between even and odd charts. When 𝑧1 −𝑧2 is evenwe are either transitioning
between two even charts or two odd charts, in either case the domain of the charts is the same
andwe simply add a constantmultiple of 2𝜋 to the orientation coordinate, clearly this is a smooth
transform.

When we are transitioning between even and odd charts then we have to take into account the
non-identical domains. The intersection of the domains of an even and odd map is those n for
which 𝑛2 ≠ 0. In the coordinates of 𝜙𝑧2

this equates to 𝜃 ≠ 𝜋𝑧2, which is exactly where the
discontinuity of 𝑍𝑧1,𝑧2

is, everywhere else it is a constant function. Hence on the two open non-
connected subdomains 𝜃 < 𝜋𝑧2 and 𝜃 > 𝜋𝑧2 the transition function is the identity plus a constant
factor depending on the subdomain and as such is smooth.

We can conclude that any two charts are 𝐶∞-compatible and so 𝕄2 is a smooth manifold. �

1Checking the transition function between a single even and odd chart would suffice here since they cover the mani-
fold, but sometimes you finish climbing over the mountain before someone points out the tunnel.
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While we only need two charts (an even and an odd one) to cover the whole manifold we can still
use the whole atlas Φ = {𝜙𝑧 ∣ 𝑧 ∈ ℤ} since it will allow us to use the entirety of ℝ3 as parameter
space. This will allow us to map any smooth curve in 𝕄2 to a smooth curve in ℝ3 and vice versa,
something which would not be possible in any subset of the atlas because of jumps causes by the
periodic nature of 𝑆1. To see why we refer to this atlas as helical take a look at figure 1.3.

(a) Smooth circular movement in 𝕄2 (position
in red, orientation in blue) parametrized as
𝑡 ↦ (cos 𝑡e1 + sin 𝑡e2, cos 𝑡e1 + sin 𝑡e2).

(b) Equivalent smooth curve in ℝ3 through the
helical atlas parametrized as 𝑡 ↦ (cos 𝑡, sin 𝑡, 𝑡).
The surface shows the coordinates of the sub-
space (x, x/‖x‖), the image of a single chart is
highlighted in orange.

Figure 1.3: Illustrating the structure of the helical atlas.

1.1.2 Construction of the Tangent Bundle

Let’s now consider how to interpret movement inside 𝕄2, given we are at a particular point (x, n)
we have three distinct ways of changing our position. Firstly we can keep our orientation n con-
stant but move along it (forward or backward), secondly we can move orthogonal to n, sidestep-
ping to the left or right with respect to our current orientation. Lastly we can stay in place and
turn around. These three movement are illustrated in figure 1.4, we will refer to them as longitu-
dinal, lateral and rotationalmovement respectively. While this choice ofmovements is somewhat
arbitrary from a mathematical standpoint and the following derivations works equally well with
different (orthogonal) choices the reader will agree that intuitively these three are an straightfor-
ward choice.

Figure 1.4: Types of movements in 𝕄2
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We can represent thesemovements through 𝑔 = (x, n) = (𝑥1e1 + 𝑥2e2, 𝑛1e1 + 𝑛2e2) by the follow-
ing smooth ℝ → 𝕄2 curves:

𝛾1,𝑔(𝑡) = (x, n) ⊙ (𝑡e1, e1)

= (x + 𝑅n𝑡e1, 𝑅ne1)
= (x + 𝑡n, n) ,

𝛾2,𝑔(𝑡) = (x, n) ⊙ (𝑡e2, e1)

= (x + 𝑅n𝑡e2, 𝑅ne1)
= (x + 𝑡n, n) ,

𝛾3,𝑔(𝑡) = (x, n) ⊙ (0, cos 𝑡e1 + sin 𝑡e2)
= (x + 𝑅n0, cos 𝑡𝑅ne1 + sin 𝑡𝑅ne2)
= (x, cos 𝑡n + sin 𝑡n) .

(1.4)

For all curves we have 𝛾1,𝑔(0) = 𝛾2,𝑔(0) = 𝛾3,𝑔(0) = 𝑔 = (x, n). Using these we can now define the
following linear operators on some function 𝑓 ∈ 𝐶1 (𝕄2, ℝ):

Definition 1.9 (Left invariant differential operators).

A𝑖|𝑔𝑓 ∶= (𝑓 ∘ 𝛾𝑖,𝑔)
′ (0) ∀𝑖 ∈ {1, 2, 3}.

The reason we call these operator left-invariant will be become clear in the next section.

These operators obey the Leibniz’s rule as we would expect calling them differential operators.

Lemma 1.10 (Leibniz’s rule). Let 𝑓1, 𝑓2 ∈ 𝐶1(𝕄2, ℝ) then for 𝑖 ∈ {1, 2, 3}:

A𝑖 (𝑓1𝑓2 ) = 𝑓1 A𝑖𝑓2 + 𝑓2 A𝑖𝑓1.

Proof. Let 𝑔 ∈ 𝕄2, then:

A𝑖|𝑔 (𝑓1𝑓2 ) = ((𝑓1𝑓2 ) ∘ 𝛾𝑖,𝑔)
′ (0)

= (𝑓1 ∘ 𝛾𝑖,𝑔 ⋅ 𝑓2 ∘ 𝛾𝑖,𝑔)
′ (0)

= 𝑓1 ∘ 𝛾𝑖,𝑔(0) ⋅ (𝑓2 ∘ 𝛾𝑖,𝑔)
′ (0) + 𝑓2 ∘ 𝛾𝑖,𝑔(0) ⋅ (𝑓1 ∘ 𝛾𝑖,𝑔)

′ (0)

= 𝑓1(𝑔) ⋅ A𝑖|𝑔𝑓2 + 𝑓2(𝑔) ⋅ A𝑖|𝑔𝑓1.

�

To make these operators more concrete we need to select a chart 𝜙 ∈ Φ, so that there exists
𝑡0 > 0 for all |𝑡| < 𝑡0 ∶ 𝛾1/2/3(𝑡) ∈ dom(𝜙). Since the domains of the charts are open and cover the
manifold this is always possible and in fact we can always select 𝜙 so that 𝑡0 = 𝜋

2 . Inserting the
chart and its inverse allows us to apply the chain rule:

A𝑖|𝑔𝑓 = (𝑓 ∘ 𝜙−1 ∘ 𝜙 ∘ 𝛾𝑖,𝑔)
′ (0) =

3

∑
𝑗=1

𝜕𝑗 (𝑓 ∘ 𝜙−1) (𝜙(𝑔)) ⋅ (𝜙𝑗 ∘ 𝛾𝑖,𝑔)
′ (0). (1.5)

Wewill work these out further for each curve. Let𝜙(𝑔) = (𝑥, 𝑦, 𝜃) then the curves translate through
the chart as follows:

𝜙 ∘ 𝛾1,𝑔(𝑡) =
⎛
⎜
⎜
⎝

𝑥 + 𝑡 cos 𝜃
𝑦 + 𝑡 sin 𝜃

𝜃

⎞
⎟
⎟
⎠

, 𝜙 ∘ 𝛾2,𝑔(𝑡) =
⎛
⎜
⎜
⎝

𝑥 − 𝑡 sin 𝜃
𝑦 + 𝑡 cos 𝜃

𝜃

⎞
⎟
⎟
⎠

, 𝜙 ∘ 𝛾3,𝑔(𝑡) =
⎛
⎜
⎜
⎝

𝑥
𝑦

𝜃 + 𝑡

⎞
⎟
⎟
⎠

. (1.6)

Using these in (1.5) we get:
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Proposition 1.11 ((A𝑖)
3
𝑖=1 in the helical atlas). Let 𝜙 ∈ Φ so that 𝜙(𝑔) = (𝑥, 𝑦, 𝜃) and 𝑓 ∈ 𝐶1 (𝕄2, ℝ)

then:

A1|𝑔𝑓 = 𝜕1 (𝑓 ∘ 𝜙−1) (𝜙(𝑔)) cos 𝜃 + 𝜕2 (𝑓 ∘ 𝜙−1) (𝜙(𝑔)) sin 𝜃,

A2|𝑔𝑓 = −𝜕1 (𝑓 ∘ 𝜙−1) (𝜙(𝑔)) sin 𝜃 + 𝜕2 (𝑓 ∘ 𝜙−1) (𝜙(𝑔)) cos 𝜃,

A3|𝑔𝑓 = 𝜕3 (𝑓 ∘ 𝜙−1) (𝜙(𝑔)) .

Or less verbose:

A1|𝑔 = cos 𝜃 𝜕𝑥 + sin 𝜃 𝜕𝑦,

A2|𝑔 = − sin 𝜃 𝜕𝑥 + cos 𝜃 𝜕𝑥,

A3|𝑔 = 𝜕𝜃,

with 𝜕𝑥/𝑦/𝜃𝑓(𝑔) ∶= 𝜕1/2/3 (𝑓 ∘ 𝜙−1) (𝜙(𝑔)).

Wewill prove that these three operators are linearly independent by applying them to the follow-
ing three functions:

𝑓1,𝑔 ∘ 𝜙−1(𝑥, 𝑦, 𝜃) = 𝑛1(𝑥 − 𝑥1) + 𝑛2(𝑦 − 𝑥2),

𝑓2,𝑔 ∘ 𝜙−1(𝑥, 𝑦, 𝜃) = −𝑛2(𝑥 − 𝑥1) + 𝑛1(𝑦 − 𝑥2),

𝑓3,𝑔 ∘ 𝜙−1(𝑥, 𝑦, 𝜃) = 𝜃.

(1.7)

It’s easy to check thatA𝑖|𝑔𝑓𝑗,𝑔 = 𝛿𝑖𝑗, whichmeans that the only way for ∑3
𝑖=1 𝜆𝑖A𝑖|𝑔 to equal zero is

if all 𝜆’s are zero, confirming thatA1|𝑔,A2|𝑔 andA3|𝑔 are linearly independent. Since dim(𝕄2) = 3
it follows that the dimension of of the tangent space at any point is the same, we conclude that
our three operators are a basis for the tangent space and so we can say:

Proposition 1.12 (Tangent bundle basis).

𝑇𝑔𝕄2 = ⟨A1|𝑔, A2|𝑔, A3|𝑔⟩ ,

and extend it to the tangent bundle:

𝑇 𝕄2 = {(𝑔, ġ) | 𝑔 ∈ 𝕄2, ̇g ∈ 𝑇𝑔𝕄2} .

Remark 1.13 (Notation). As we have been doing we will denote group elements with normal
lower case letters (𝑔,ℎ,…), tangent vectorwewill denotewith bold lower case letters (v,w,…) or
if we want to be more explicit about which tangent space these belong to we bold and dot the
name of the group element towhose tangent space the vector belongs ( ̇g, ̇h, …). The exception
to this rule are basis vectors which we denote by cursive capital letters (A,B,…) to stress that
they are defined as operators. For vector fields (i.e. maps from the manifold into the tangent
bundle so that each 𝑔 ∈ 𝕄2 maps to an element of its own tangent space 𝑇𝑔𝕄2) we will use the
common notation of normal upper case letters (𝑉 , 𝑊 , …) to distinguish them from individual
tangent vectors.

Using the basis (A𝑖|𝑔)
3
𝑖=1 any ġ can be written as:

̇g = ̇𝑔1A1|𝑔 + ̇𝑔2A2|𝑔 + ̇𝑔3A3|𝑔 , ̇𝑔1, ̇𝑔2, ̇𝑔3 ∈ ℝ. (1.8)

In fact often we will just identify a tangent vector with its real components: ̇g ≃ ( ̇𝑔1, ̇𝑔2, ̇𝑔3)
𝑇

with respect to this basis. To return to the vehicle dynamics analogy, ̇𝑔1 can be thought of as the
longitudinal or straight line velocity, ̇𝑔2 as the lateral or drift velocity and ̇𝑔3 as the yaw-rate.

We will encounter smooth vector fields sufficiently often to warrant a symbol for their set.

Definition 1.14 (Smooth vector fields). 𝔛 (𝕄2) is the set of all vector fields on 𝕄2 that when
applied to a smooth function on the manifold yields another smooth function on the manifold.

Naturally the left invariant component of such a vector field are similarly smooth.
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Corollary 1.15. Smooth vector fields have smooth component functions with respect to the left invariant
frame.

Definition 1.16 (Dual basis). We define the co-vectors (𝝎𝑖|𝑔)
3

𝑖=1
∈ 𝑇 ∗

𝑔 𝕄2 by their action on the
tangent basis vectors:

𝝎𝑖|𝑔 (A𝑗|𝑔) = 𝛿𝑖
𝑗.

Being the dual basis to the left-invariant basis naturally makes these co-vectors into the left-
invariant basis of the cotangent bundle.

Corollary 1.17 (Cotangent bundle basis).

𝑇 ∗
𝑔 𝕄2 = ⟨𝝎1|𝑔, 𝝎2|𝑔, 𝝎3|𝑔⟩ ,

which extends to the cotangent bundle:

𝑇 ∗𝕄2 = {(𝑔, 𝝎) | 𝑔 ∈ 𝕄2, 𝝎 ∈ 𝑇 ∗
𝑔 𝕄2} .

1.1.3 Left Invariance

Calling the components of ̇g ∈ 𝑇𝑔𝕄2 with respect to the basis (A𝑖|𝑔)
3
𝑖=1 velocities implies that

they are somehow invariant, obviously a car’s speed and yaw-rate is not dependent on where the
observer is looking from. Indeed this is the case with respect to multiplication from the left with
a group element, hence the name left invariant. To specify this property formally we introduce
some definitions.

Definition 1.18 (Left-regular representation on 𝕄2). Let 𝑓 ∶ 𝕄2 → ℝ, then we define:

(L𝑔𝑓) (ℎ) = 𝑓 (𝑔−1 ⊙ ℎ) , ∀𝑔, ℎ ∈ 𝕄2.

Definition 1.19 (Left-regular representation on ℝ2). Let 𝑓 ∶ ℝ2 → ℝ and 𝑔 = (x,n) ∈ 𝕄2, then
we define:

(U𝑔𝑓) (y) = 𝑓 (𝑅−1
n (y − x)) , ∀y ∈ ℝ2.

And an alternative notation for left multiplication, both in the manifold and in the parameter
space of a chart:

Definition 1.20 (Left multiplication as operators).

𝐿𝑔(ℎ) = 𝑔 ⊙ ℎ , ∀𝑔, ℎ ∈ 𝕄2,

𝐿𝜙,𝑔(𝑥, 𝑦, 𝜃) = 𝜙 (𝑔 ⊙ 𝜙−1 (𝑥, 𝑦, 𝜃)) , ∀(𝑥, 𝑦, 𝜃) ∈ dom(𝜙).

Theorem 1.21 (Left invariance of A𝑖). Let 𝑓 ∈ 𝐶1 (𝕄2, ℝ) and 𝑔 ∈ 𝕄2 then:

A𝑖 (L𝑔𝑓) = L𝑔 (A𝑖𝑓) .
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Proof. Let 𝜙(𝑔) = (𝑥𝑔, 𝑦𝑔, 𝜃𝑔) for some choice of chart 𝜙 ∈ Φ. Then we have the following:

A1|𝑔 (L𝑔𝑓) = 𝜕1 (L𝑔𝑓 ∘ 𝜙−1) (𝜙(𝑔)) cos 𝜃𝑔 + 𝜕2 (L𝑔𝑓 ∘ 𝜙−1) (𝜙(𝑔)) sin 𝜃𝑔

= 𝜕1 (𝑓 ∘ 𝜙−1 ∘ 𝐿𝜙,𝑔−1) (𝜙(𝑔)) cos 𝜃𝑔 + 𝜕2 (𝑓 ∘ 𝜙−1 ∘ 𝐿𝜙,𝑔−1) (𝜙(𝑔)) sin 𝜃𝑔

=
3

∑
𝑖=1

𝜕𝑖 (𝑓 ∘ 𝜙−1) (𝐿𝜙,𝑔−1(𝜙(𝑔))) 𝜕1𝐿𝜙,𝑔−1,𝑖 (𝜙(𝑔)) cos 𝜃𝑔

+
3

∑
𝑗=1

𝜕𝑗 (𝑓 ∘ 𝜙−1) (𝐿𝜙,𝑔−1(𝜙(𝑔))) 𝜕2𝐿𝜙,𝑔−1,𝑖 (𝜙(𝑔)) sin 𝜃𝑔

= 𝜕1 (𝑓 ∘ 𝜙−1) (𝜙(𝐼)) cos2 𝜃𝑔 + 𝜕2 (𝑓 ∘ 𝜙−1) (𝜙(𝐼)) sin 𝜃𝑔 cos 𝜃𝑔

+ 𝜕1 (𝑓 ∘ 𝜙−1) (𝜙(𝐼)) sin2 𝜃𝑔 − 𝜕2 (𝑓 ∘ 𝜙−1) (𝜙(𝐼)) cos 𝜃𝑔 sin 𝜃𝑔

= 𝜕1 (𝑓 ∘ 𝜙−1) (𝜙(𝐼))

= A1|𝐼𝑓.

And similarly we find that A2|𝑔 (L𝑔𝑓) = A2|𝐼𝑓 and A3|𝑔 (L𝑔𝑓) = A3|𝐼𝑓. Now take 𝑔, ℎ ∈ 𝕄2:

(A𝑖 (L𝑔𝑓)) (ℎ) = A𝑖|ℎ (L𝑔𝑓)
= A𝑖|ℎ (LℎLℎ−1⊙𝑔𝑓)
= A𝑖|𝐼 (Lℎ−1⊙𝑔𝑓)
= A𝑖|𝑔−1⊙ℎ (L𝑔−1⊙ℎLℎ−1⊙𝑔𝑓)
= A𝑖|𝑔−1⊙ℎ𝑓

= (A𝑖𝑓) (𝑔−1 ⊙ ℎ)
= (L𝑔 (A𝑖𝑓)) (ℎ).

�

Meaning it does not matter whether we apply the operator first and then roto-translate the func-
tion or the other way around, a most desirable property for image processing.

Because of this left-invariant property we refer to (A𝑖|𝑔)
3
𝑖=1 as the left-invariant derivative frame at

𝑔 and define left-invariant vector fields as follows:

Definition 1.22 (Left invariant vector field). Let 𝜆1, 𝜆2, 𝜆3 ∈ ℝ, then we call

{∑3
𝑖=1 𝜆𝑖A𝑖|𝑔 | ∀𝑔 ∈ 𝕄2} a left-invariant vector field.

Note how such a vector field is entirely determined by the three 𝜆’s.

1.1.4 Non-Commutativity and Lie Brackets

Now that we have constructed first-order differential operators we can introduce repeated differ-
entiation. Notation-wise we will shorten repeated differentiation as follows.
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Definition 1.23 (Repeated differentiation).

(A𝑖𝑗𝑓) (𝑔) ∶= A𝑖𝑗|𝑔
𝑓 ∶= (A𝑗 ∘ A𝑖𝑓) (𝑔) = A𝑗|𝑔 (ℎ ↦ A𝑖|ℎ𝑓) .

Since the group operation ⊙ does not commute vector fields do not commute either (in general).
To indicate in what way commutativity is broken we use the Lie bracket.

Definition 1.24 (Lie bracket). Let 𝑉 , 𝑊 ∈ 𝔛 then

[𝑉 , 𝑊] ∶= 𝑉 ∘ 𝑊 − 𝑊 ∘ 𝑉

is the Lie bracket of 𝑉 and 𝑊, where we compose vector fields as:

((𝑉 ∘ 𝑊) 𝑓) (𝑔) ∶= 𝑉 |𝑔 (ℎ ↦ 𝑊 |ℎ𝑓) .

Immediately from its definition we can deduce the following properties of the Lie bracket.

Corollary 1.25 (Lie bracket properties). Let 𝑈, 𝑉 , 𝑊 ∈ 𝔛 then we have:

1. Bilinearity, let 𝑎, 𝑏 ∈ ℝ:

[𝑎𝑈 + 𝑏𝑉 , 𝑊] = 𝑎 [𝑈, 𝑊] + 𝑏 [𝑉 , 𝑊]
[𝑈, 𝑎𝑉 + 𝑏𝑊] = 𝑎 [𝑈, 𝑉] + 𝑏 [𝑈, 𝑊] .

2. Antisymmetry:
[𝑉 , 𝑊] = − [𝑊 , 𝑉] .

3. Jacobi Identity:
[𝑈, [𝑉 , 𝑊]] + [𝑉 , [𝑊 , 𝑈]] + [𝑊 , [𝑈, 𝑉]] = 0.

4. Let 𝑓1, 𝑓2 ∈ 𝐶∞, then:

[𝑓1𝑈, 𝑓2𝑉 ] = 𝑓1𝑓2 [𝑈, 𝑉] + (𝑓1 𝑈𝑓2) 𝑉 − (𝑓2 𝑉 𝑓1) 𝑈.

5. Leibniz rule, let 𝑓1, 𝑓2 ∈ 𝐶∞:

[𝑈, 𝑉] (𝑓1𝑓2) = 𝑓1 [𝑈, 𝑉] 𝑓2 + 𝑓2 [𝑈, 𝑉] 𝑓1.

Since the Lie bracket obeys the Leibniz rule it is a derivation and we can infer that it produces a
tangent vector field, whenwe calculate the bracket for𝕄2 wewill see that that is exactly the case2.

It suffices to calculate the Lie brackets for the basis left-invariant vector fields (A𝑖)
3
𝑖=1, fromwhich

we can then calculate the Lie bracket for an arbitrary smooth vector field using the above prop-
erties. Obviously [A𝑖,A𝑖] = 0 and since we have antisymmetry it suffices to calculate [A1,A2],
[A1,A3] and [A2,A3].

Lemma 1.26 (Lie brackets of the left invariant frame).

[A1,A2] = 0, [A1,A3] = −A2, [A2,A3] = A1.

Proof. Using the fact that in ℝ3 we have [𝜕𝑖, 𝜕𝑗] = 0 and proposition 1.11 we calculate:

[A1,A2] = [cos 𝜃𝜕𝑥 + sin 𝜃𝜕𝑦, − sin 𝜃𝜕𝑥 + cos 𝜃𝜕𝑦]
= − [cos 𝜃𝜕𝑥, sin 𝜃𝜕𝑥] + [cos 𝜃𝜕𝑥, cos 𝜃𝜕𝑦] − [sin 𝜃𝜕𝑦, sin 𝜃𝜕𝑥] + [sin 𝜃𝜕𝑦, cos 𝜃𝜕𝑦]
= − cos 𝜃 sin 𝜃 [𝜕𝑥, 𝜕𝑥] + cos2 𝜃 [𝜕𝑥, 𝜕𝑦] − sin2 𝜃 [𝜕𝑦, 𝜕𝑥] + cos 𝜃 sin 𝜃 [𝜕𝑦, 𝜕𝑦]
= 0.

2For a general proof see [14, Lemma 8.25]
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[A1,A3] = [cos 𝜃𝜕𝑥 + sin 𝜃𝜕𝑦, 𝜕𝜃]
= [cos 𝜃𝜕𝑥, 𝜕𝜃] + [sin 𝜃𝜕𝑦, 𝜕𝜃]
= cos 𝜃 [𝜕𝑥, 𝜕𝜃] − (𝜕𝜃 cos 𝜃) 𝜕𝑥 + sin 𝜃 [𝜕𝑦, 𝜕𝜃] − (𝜕𝜃 sin 𝜃) 𝜕𝑦

= sin 𝜃𝜕𝑥 − cos 𝜃𝜕𝑦

= −A2.

[A2,A3] = [− sin 𝜃𝜕𝑥 + cos 𝜃𝜕𝑦, 𝜕𝜃]
= − [sin 𝜃𝜕𝑥, 𝜕𝜃] + [cos 𝜃𝜕𝑦, 𝜕𝜃]
= − sin 𝜃 [𝜕𝑥, 𝜕𝜃] + (𝜕𝜃 sin 𝜃) 𝜕𝑥 + cos 𝜃 [𝜕𝑦, 𝜕𝜃] − (𝜕𝜃 cos 𝜃) 𝜕𝑦

= cos 𝜃𝜕𝑥 + sin 𝜃𝜕𝑦

= A1.

�

Which also proves our claim that (at least on 𝕄2) the Lie bracket produces a tangent vector field,
and moreover if 𝑉 , 𝑊 ∈ 𝔛 then also [𝑉 , 𝑊] ∈ 𝔛. Schematically the relations between 2nd order
derivatives that we found can be summarized in the following diagrams.

𝑓 A1𝑓 𝑓 A1𝑓 A13𝑓 𝑓 A2𝑓 A23𝑓

A2𝑓 A12𝑓 = A21𝑓 A3𝑓 A3𝑓

A31𝑓 A32𝑓

A1

A2 A2

A1

A3

A3

−A2𝑓

A3

A2 A3

+A1𝑓

A1

A1 A2

(1.9)

A more intuitive geometric interpretation of the Lie bracket and these diagrams can be seen in
figure 1.5.

Figure 1.5: Geometric interpretation of the 𝕄2 Lie brackets where we interpretA1 as a small step
forward,A2 as a small step to the left andA3 as a small counter-clockwise rotation. Starting at the
black marker we can take the green order or the blue order of operations, the Lie bracket (in red)
is then the move we need to make to reconcile the difference in final position and orientation.

The action of the Lie bracket on the basis vectors can be encoded using the structure constants.

Definition 1.27 (Structure constants). 𝑐𝑘
𝑖𝑗 ∈ ℝ obeying

[A𝑖,A𝑗] =
3

∑
𝑘=1

𝑐𝑘
𝑖𝑗A𝑘

are called the structure constants.
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Under this definition the structure constants of 𝕄2 follow immediately from lemma 1.26.

Corollary 1.28. The non-zero structure constants of 𝕄2 are

𝑐2
13 = −1, 𝑐2

31 = 1, 𝑐1
23 = 1, 𝑐1

32 = −1.

1.1.5 Metric Tensor, Gradient & Divergence

Now that we have the tangent bundle we can define a metric on it. Two issues need to be consid-
ered:

1. how do we weigh yaw-rate against spatial velocity? If we assigned a unit, say meters, to the
spatial part of the manifold we need some way to weigh meters against radians.

2. how do we weigh lateral velocity against longitudinal velocity given that we might prefer
longitudinal over lateral movement to some degree?

The first issue we tackle by introducing the constants 𝐷𝑆, 𝐷𝐴 > 0 that will weigh the spatial re-
spectively the angular components of the tangent vector. To tackle the second issue we introduce
0 < 𝜁 ≤ 1 to give an additional independent weight to lateral movement.

Using these we define the following metric tensor field, where we recall that 𝝎𝑖 is the covector
dual to A𝑖 per definition 1.16:

Definition 1.29 (Riemannian metric tensor). Let 𝐷𝑆, 𝐷𝐴 > 0 and 0 < 𝜁 ≤ 1, then we define:

(⋅, ⋅)G𝜁
∶= Gleft

𝜁 ∶= 1
𝐷𝑆

𝝎1 ⊗ 𝝎1 + 1
𝜁2𝐷𝑆

𝝎2 ⊗ 𝝎2 + 1
𝐷𝐴

𝝎3 ⊗ 𝝎3.

Or more concretely if we have two vectors written v, w ∈ 𝑇𝑔𝕄2 so that v = ∑3
𝑖=1 𝑣𝑖A𝑖|𝑔 and w =

∑3
𝑖=1 𝑤𝑖A𝑖|𝑔, then:

(v, w)G𝜁 |𝑔 ∶= Gleft
𝜁 |𝑔 (v, w) ∶= 𝑣1𝑤1

𝐷𝑆
+ 𝑣2𝑤2

𝜁2𝐷𝑆
+ 𝑣3𝑤3

𝐷𝐴
.

Take note of the fact that under this metric the left-invariant frame is orthogonal. In matrix no-
tation (as linear operator with respect to the left invariant basis) we can write the metric and its
determinant (with respect to the left-invariant basis) as:

Gleft
𝜁 ≃

⎛
⎜
⎜
⎝

𝐷−1
𝑆 0 0
0 𝜁−2𝐷−1

𝑆 0
0 0 𝐷−1

𝐴

⎞
⎟
⎟
⎠

, det(G
left
𝜁 ) = 1

𝜁2𝐷2
𝑆𝐷𝐴

. (1.10)

Which are constant along the manifold thanks to our choice of left-invariant differential frame.

An important particular case wewill consider is 𝜁 → 0, this gives the sub-Riemannian case where
we only allow curves 𝑔(𝑡) = (x(𝑡), n(𝑡)) where ẋ

‖ẋ‖ = n. In this case the tangent space would have
as basis just {A1, A3} with metric:

Definition 1.30 (Sub-Riemannian metric tensor). Let 𝐷𝑆, 𝐷𝐴 > 0, then we define:

(⋅, ⋅)G0
∶= Gleft

0 ∶= 1
𝐷𝑆

𝝎1 ⊗ 𝝎1 + 1
𝐷𝐴

𝝎3 ⊗ 𝝎3.

Or more concretely let v, w ∈ 𝑇𝑔𝕄2 so that v = 𝑣1A1|𝑔 + 𝑣3A3|𝑔 andw = 𝑤1A1|𝑔 + 𝑤3A3|𝑔, then:

(v, w)Gleft
0 |𝑔 ∶= Gleft

0 |𝑔 (v, w) ∶= 𝑣1𝑤1

𝐷𝑆
+ 𝑣3𝑤3

𝐷𝐴
.
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Or in matrix notation with determinant:

Gleft
0 ≃ (

𝐷−1
𝑆 0
0 𝐷−1

𝐴 ) , det (Gleft
0 ) = 1

𝐷𝑆𝐷𝐴
. (1.11)

The vehicle analogue here would be a car being driven within the limits of its traction, i.e. no
drift.

For brevity of notation we introduce the following.

Definition 1.31.

𝐷𝑖 =
⎧⎪
⎨
⎪⎩

𝐷𝑆 if 𝑖 = 1,
𝜁2𝐷𝑆 if 𝑖 = 2,
𝐷𝐴 if 𝑖 = 3.

Which allows, for example, to abbreviate the metric as:

Gleft
𝜁 =

3

∑
𝑖=1

1
𝐷𝑖

𝝎𝑖 ⊗ 𝝎𝑖. (1.12)

Themetric defines an isomorphismbetween the tangent space and cotangent space by only filling
the first argument but keeping the second slot open as follows:

Definition 1.32 (Metric Isomorphism).
We overload the symbol G𝜁 as G𝜁 ∶ 𝑇 𝕄2 → 𝑇 ∗𝕄2 so that:

G𝜁 (v) ∶= (v, ⋅ )G𝜁
⇒ (G𝜁 (v)) (w) = (v,w)G𝜁

.

If we have v = ∑3
𝑖=1 𝑣𝑖A𝑖|𝑔 this gives:

Gleft
𝜁 (v) = 𝑣1

𝐷𝑆
𝝎1 + 𝑣2

𝜁2𝐷𝑆
𝝎2 + 𝑣3

𝐷𝐴
𝝎3 , Gleft

0 (v) = 𝑣1

𝐷𝑆
𝝎1 + 𝑣3

𝐷𝐴
𝝎3. (1.13)

It is easy to see that this map is bijective and has the following inverse.

Corollary 1.33 (Inverse Metric Isomorphism). Given a covector 𝝂 = ∑3
𝑖=1 𝜈𝑖𝝎𝑖|𝑔 we have:

G−1
𝜁 |𝑔

(𝝂) = 𝜈1𝐷𝑆A1|𝑔 + 𝜈2𝜁2𝐷𝑆A2|𝑔 + 𝜈3𝐷𝐴A3|𝑔.

The volume form belonging to these metrics is as follows:

Corollary 1.34 (Volume form).

d𝜇left(𝑔) =
⎧⎪
⎨
⎪⎩

1
𝜁𝐷𝑆√𝐷𝐴

𝝎1|𝑔 ∧ 𝝎2|𝑔 ∧ 𝝎3|𝑔 for 𝜁 > 0,

1
√𝐷𝑆𝐷𝐴

𝝎1|𝑔 ∧ 𝝎3|𝑔 for 𝜁 = 0.

Remark 1.35. For the purpose of dimensional consistency we will take a brief look at units.
Since we intend to work on images we will use pixels (px) as our spatial unit and use seconds
(s) for time, angles are of course dimensionless radians but we will still denote them with rad
as if they have a unit. With those units we choose 𝐷𝑆 to be dimensionless, which also makes
𝜁 dimensionless and gives 𝐷𝐴 the unit of rad2

px2 .

Remark 1.36. In this chapter the constants 𝐷𝑆 and 𝐷𝐴 take the role that 𝜉 takes in other works
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[15, 16]. The relationship being as follows:

𝜉 =
√

𝐷𝐴
𝐷𝑆

. (1.14)

Whether one introduces 𝐷𝑆 and 𝐷𝐴 or 𝜉 to proportion the angular against the spatial dimen-
sion is a matter of preference, in this chapter we will use 𝐷𝑆, 𝐷𝐴 to stay consistent with [17].

From themetric we derive the gradient∇𝜁𝑓 of a differentiable function 𝑓 as the unique vector that
satisfies (∇𝜁𝑓, 𝑉 )G𝜁

= 𝑉 𝑓 for any vector field 𝑉.

Lemma 1.37 (Riemannian gradient). With respect to the tangent basis (A𝑖)
3
𝑖=1 and the metric Gleft

𝜁 the
Riemannian gradient of a differentiable function 𝑓 is given by:

∇left

𝜁 𝑓(𝑔) = 𝐷𝑆 (A1|𝑔𝑓)A1|𝑔 + 𝜁2𝐷𝑆 (A2|𝑔𝑓)A2|𝑔 + 𝐷𝐴 (A3|𝑔𝑓)A3|𝑔. (1.15)

Or for a cleaner notation we can suppress the argument 𝑔 and use the 𝐷𝑖 constants:

∇left

𝜁 𝑓 = 𝐷𝑆 (A1𝑓)A1 + 𝜁2𝐷𝑆 (A2𝑓)A2 + 𝐷𝐴 (A3𝑓)A3 =
3

∑
𝑖=1

𝐷𝑖 (A𝑖𝑓)A𝑖.

Proof. Let 𝑉 be any vector field.

(∇left
𝜁 𝑓, 𝑉 )Gleft

𝜁

= 𝑉 𝑓 ⟺ Gleft
𝜁 (∇𝑘𝑓) (𝑉 ) = 𝑉 𝑓

⟺ Gleft
𝜁 (∇𝜁𝑓) = (A1𝑓) 𝝎1 + (A2𝑓) 𝝎2 + (A3𝑓) 𝝎3

⟺ ∇left
𝜁 𝑓 = Gleft −1

𝜁 ((A1𝑓) 𝝎1 + (A2𝑓) 𝝎2 + (A3𝑓) 𝝎3)
⟺ ∇left

𝜁 𝑓 = 𝐷𝑆 (A1𝑓)A1 + 𝜁2𝐷𝑆 (A2𝑓)A2 + 𝐷𝐴 (A3𝑓)A3.

We can readily see that this is a unique assignment since the maps Gleft
𝜁 /Gleft −1

𝜁 give us an isomor-
phism. �

Given a 𝑓 ∈ 𝐶1 (𝕄2, ℝ) the norm of the gradient is given by:

‖∇𝜁𝑓‖Gleft
𝜁

= √𝐷𝑆 (A1𝑓)
2 + 𝜁2𝐷𝑆 (A2𝑓)

2 + 𝐷𝐴 (A3𝑓)
2. (1.16)

Note how the gradient and its norm behave predictably as 𝜁 → 0. For the sub-Riemannian case
of 𝜁 = 0 we reduce the gradient to its relevant components:

Corollary 1.38 (Sub-Riemanniangradient). With respect to the tangent basis (A𝑖)
3
𝑖=1 the sub-Riemannian

gradient of a function 𝑓 ∈ 𝐶1(𝕄2) is given by:

∇left

0 𝑓 = 𝐷𝑆 (A1𝑓)A1 + 𝐷𝐴 (A3𝑓)A3,

and its attendant norm:
‖∇left

0 𝑓‖Gleft
0

= √𝐷𝑆 (A1𝑓)
2 + 𝐷𝐴 (A3𝑓)

2. (1.17)

Now consider a vector field 𝑉 (𝑔) = 𝑣1(𝑔)A1|𝑔 + 𝑣2(𝑔)A2|𝑔 + 𝑣3(𝑔)A3|𝑔 where 𝑣𝑖 ∈ 𝐶1(𝕄2, ℝ). Then
we have the following formula for the divergence, which simplifies beautifully since themetric is
constant across the left-invariant frames:

div (𝑉 ) =
3

∑
𝑖=1

1

|det(G
left
𝜁 )|

A𝑖 (|det(G
left
𝜁 )| 𝑣𝑖) =

3

∑
𝑖=1

A𝑖𝑣𝑖. (1.18)
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This expression for the divergence in 𝕄2 can actually be related to the divergences in its con-
stituent partsℝ2 and𝑆1. Consider the static differential frame (𝜕𝑥, 𝜕𝑦, 𝜕𝜃) inducedby a chart𝜙 ∈ Φ
in which 𝑉 has components (𝑣𝑥, 𝑣𝑦, 𝑣𝜃), then (recall that 𝑔 = (𝑥1e1 + 𝑥2e2, 𝑛1e1 + 𝑛2e2)):

div (𝑉 )|𝑔 =
3

∑
𝑖=1

A𝑖|𝑔𝑣𝑖

= (𝑛1𝜕𝑥 + 𝑛2𝜕𝑦) (𝑛1𝑣𝑥(𝑔) + 𝑛2𝑣𝑦(𝑔))
+ (−𝑛2𝜕𝑥 + 𝑛1𝜕𝑦) (−𝑛2𝑣𝑥(𝑔) + 𝑛1𝑣𝑦(𝑔))
+ 𝜕𝜃𝑣𝜃(𝑔)

= (𝑛1)2𝜕𝑥𝑣𝑥(𝑔) + 𝑛1𝑛2𝜕𝑥𝑣𝑦(𝑔) + 𝑛1𝑛2𝜕𝑦𝑣𝑥(𝑔) + (𝑛2)2𝜕𝑦𝑣𝑦(𝑔)

+ (𝑛2)2𝜕𝑥𝑣𝑥(𝑔) − 𝑛1𝑛2𝜕𝑥𝑣𝑦(𝑔) − 𝑛1𝑛2𝜕𝑦𝑣𝑥(𝑔) + (𝑛1)2𝜕𝑦𝑣𝑦(𝑔)

+ 𝜕𝜃𝑣𝜃(𝑔)

= ((𝑛1)2 + (𝑛2)2) 𝜕𝑥𝑣𝑥(𝑔) + ((𝑛1)2 + (𝑛2)2) 𝜕𝑦𝑣𝑦(𝑔) + 𝜕𝜃𝑣𝜃(𝑔)

= 𝜕𝑥𝑣𝑥(𝑔) + 𝜕𝑦𝑣𝑦(𝑔) + 𝜕𝜃𝑣𝜃(𝑔)
= divℝ2 𝑉 |𝑔 + div𝑆1 𝑉 |𝑔.

We can treat the sub-Riemannian case similarly to find the following general relation:

Corollary 1.39 (Divergence). Let 𝑉 (𝑔) = 𝑣1(𝑔)A1|𝑔 + 𝑣2(𝑔)A2|𝑔 + 𝑣3(𝑔)A3|𝑔 where 𝑣𝑖 ∈ 𝐶1(𝕄2, ℝ)
then:

div(𝑉 ) =
{

A1𝑣1 + A2𝑣2 + A3𝑣3 = divℝ2 (𝑉 ) + div𝑆1 (𝑉 ) for 𝜁 > 0,

A1𝑣1 + A3𝑣3 = 𝜕n (𝑛1𝑣𝑥 + 𝑛2𝑣𝑦) + div𝑆1 (𝑉 ) for 𝜁 = 0.

On ℝ𝑛 we have the familiar identity div(𝑓𝑉 ) = 𝑓 div(𝑉 ) + ∇𝑓 ⋅ 𝑉, on 𝕄2 we have a similar rule.

Lemma 1.40 (Divergence product rule). Given a function 𝑓 ∈ 𝐶1(𝕄2, ℝ) and differentiable vector
field 𝑉 we have:

div (𝑓𝑉 ) = 𝑓 div(𝑉 ) + 𝑉 𝑓 = 𝑓 div(𝑉 ) + (∇left

𝜁 𝑓, 𝑉 )G
left
𝜁

.

Proof.

div(𝑓𝑉 ) =
3

∑
𝑖=1

A𝑖 (𝑓𝑣𝑖)

=
3

∑
𝑖=1

(𝑓A𝑖𝑣𝑖 + 𝑣𝑖 A𝑖𝑓) (Lemma 1.10)

= 𝑓
3

∑
𝑖=1

A𝑖𝑣𝑖 +
(

3

∑
𝑖=1

𝑣𝑖A𝑖)
𝑓

= 𝑓 div(𝑉 ) + 𝑉 𝑓.

�

1.1.6 Domains and Boundaries

In practice we will not be dealing with the full manifold since images are compactly supported
functions with an easily defined boundary. We want to confine our theory to spatially restricted
but directionally unrestricted subsets of 𝕄2, we give such subsets the following name:
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Definition 1.41 (Aperture). Ω ⊂ 𝕄2 is an aperture if there exists a compact subsetΩ′ ⊂ ℝ2 which
has a piecewise smooth boundary such that Ω = Ω′ × 𝑆1, we write Ω

ap.
⊂ 𝕄2.

This leads directly to:

Corollary 1.42. An aperture of 𝕄2 is compact and has a piecewise smooth boundary.

Restricting ourselves to functions with aperture domains will allow us to use tools that demand a
high degree of regularity of the domain boundary. In practice this is still a very loose requirement
since images are generally supported on plain rectangles.

1.1.7 Group Distance and Estimates

The metric on the tangent space induces a distance on the elements of the Lie Group as the arc
length of the shortest curve connecting the two elements. Because of the left invariance of the
metric is suffices to look at the distance from the neutral element to the rest of the group.

Definition 1.43 (Group distance from the origin). Let 𝑔 ∈ 𝕄2, then:

𝑑G𝜁
(𝑔) ∶= inf{∫

1

0
√G𝜁|𝑔 ( ̇𝛾(𝑡), ̇𝛾(𝑡)) d𝑡 | 𝛾 ∶ ℝ → 𝕄2 is piecewise smooth and 𝛾(0) = 0, 𝛾(1) = 𝑔} .

This is somewhat cumbersome to calculate, but we can get a good local estimate on this norm by
looking at the following differential equation.

{
̇𝛾𝑔(𝑡) = ∑3

𝑖=1 𝑐𝑖A𝑖|𝛾(𝑡),
𝛾𝑔(0) = 0, 𝛾𝑔(1) = 𝑔.

(1.19)

Which defines a curvewith a constant tangent vector relative to the left invariant frame that starts
at the neutral element and ends in the group element of interest (also called an exponential curve,
but see remark 1.46).

Letting 𝑔 = (𝑥, 𝑦, 𝜃) and applying the method of characteristics solves this system with the follow-
ing auxiliary functions.

Definition 1.44.

𝑐1(𝑥, 𝑦, 𝜃) ∶=
{

𝜃
2 (𝑦 + 𝑥 cot(

𝜃
2 )) if 𝜃 ≠ 0,

𝑥 if 𝜃 = 0,

𝑐2(𝑥, 𝑦, 𝜃) ∶=
{

𝜃
2 (−𝑥 + 𝑦 cot(

𝜃
2 )) if 𝜃 ≠ 0,

𝑦 if 𝜃 = 0,

𝑐3(𝑥, 𝑦, 𝜃) ∶= 𝜃.

The idea is to then estimate the distance from the neutral element to 𝑔 by the norm of the tangent
vector, which is constant, let 𝑔 = (𝑥, 𝑦, 𝜃) then:

𝑑G𝜁
(𝑔) ≈ ‖ ̇𝛾𝑔(0)‖Gleft

𝜁
=

√
𝑐1(𝑥, 𝑦, 𝜃)2

𝐷𝑆
+

𝑐2(𝑥, 𝑦, 𝜃)2

𝜁2𝐷𝑆
+ 𝜃2

𝐷𝐴
,

𝑑G0
(𝑔) ≈ ‖ ̇𝛾𝑔(0)‖Gleft

0
=

4

√(
𝑐1(𝑥, 𝑦, 𝜃)2

𝐷𝑆
+ 𝜃2

𝐷𝐴 )

2
+

𝑐3(𝑥, 𝑦, 𝜃)2

𝜁2𝐷𝑆𝐷𝐴
.

(1.20)

This estimate is locally equivalent to the distance by the Ball-Box theorem [18], i.e.

𝐶1 ‖ ̇𝛾𝑔(0)‖Gleft
𝜁

≤ 𝑑G𝜁
(𝑔) ≤ 𝐶2 ‖ ̇𝛾𝑔(0)‖Gleft

𝜁
, (1.21)
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with 𝐶1 and 𝐶2 being scalars constants. These estimates are illustrated in figure 1.6. For more on
these estimates see [19, 20, 21].

Figure 1.6: Norm estimates for 𝐷𝑆 = 1, 𝐷𝐴 = 0.1, 𝜁 = 0.5 for the Riemannian (left) and sub-
Riemannian case (right).

1.2 Gauge Frames

The idea of gauge frames in image processing is to choose an orthogonal basis of the tangent
space at each location that depends on the data [22], being data dependent this frame is then
automatically roto-translation equivariant. We can extend this technique to orientation scores on
𝕄2 so that we can make these operations orientation sensitive [23, 3]. The tool we use to obtain
an aligned tangent vector is the exponential curve.

1.2.1 Exponential Curves

Exponential curves are the manifold’s equivalent to straight lines in Euclidian space, they are the
curves that have a constant tangent vector with respect to the left invariant frame (up to reparam-
eterization anyway).

Definition 1.45 (Exponential Curve). Given a c = ∑3
𝑖=1 𝑐𝑖A𝑖|𝑔 ∈ 𝑇𝑔𝕄2 we call 𝛾c,𝑔 ∶ ℝ → 𝕄2 the

exponential curve of c through 𝑔 if 𝛾c,𝑔(0) = 𝑔 and ∀𝑡 ∈ dom (𝛾c,𝑔) ∶ ̇𝛾c,𝑔(𝑡) = ∑3
𝑖=1 𝑐𝑖A𝑖|𝛾c,𝑔(𝑡).

Remark 1.46. Our exponential curve definition is not the usual definition from Lie group the-
ory (see [14, Ch. 20] for details). But our definition is more constructive and can be directly
used for gauge frame fitting even if it is specific to 𝕄2.

Looking back we see that the movement curves we used in (1.4) to define the left invariant frame
are also exponential curves under this definition, where we used the shorthand 𝛾𝑖,𝑔 ≡ 𝛾A𝑖|𝑔,𝑔.

Remark that is suffices to look at exponential curves through the Lie group identity element 𝐼 and
that these curves can be transformed to curves through 𝑔 by left multiplication by 𝑔 as follows:

𝑔 ⊙ 𝛾c,𝐼(𝑡) = 𝛾c,𝑔(𝑡). (1.22)

Alternatively exponential curves can be defined as the exponentialmap (see [14, Ch. 20]) of 𝑡 times
a constant element of the Lie algebra, hence the name.
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1.2.2 Alignment

Figure 1.7: Gauge frame fitting: instead of using the left invariant A1/2/3 frame we choose a B1/2/3
frame that is aligned to the local data.

To define a newdifferential framewe need to select three orthogonal vectors (B𝑖|𝑔)
3
𝑖=1, wewant to

select our first vectorB1|𝑔 aligned with our data at 𝑔. Under being aligned with our data we under-
stand that if we were on an exponential curve passing through 𝑔 with tangent B1|𝑔 we minimize
the change in the components of the gradient3. The idea is illustrated in figure 1.7. Formally:

Definition 1.47 (First Gauge Vector). Let 𝑓 ∈ 𝐶∞ (𝕄2, ℝ), then

B1|𝑔 ∶= argmin
c∈𝑇𝑔𝕄2 {

3

∑
𝑖=1

𝐷𝑖 (
𝑑
𝑑𝑡

A𝑖|𝛾c,𝑔(𝑡)𝑓 |𝑡=0)
2

| ‖c‖Gleft
𝜁

= 1
}

.

If we have c = ∑3
𝑖=1 𝑐𝑖A𝑖|𝑔 then we define ̂c ∶= (𝑐1, 𝑐2, 𝑐3)

𝑇. Now looking closer at the quantity we
want to minimize:

3

∑
𝑖=1

𝐷𝑖 (
𝑑
𝑑𝑡

A𝑖|𝛾c,𝑔(𝑡)𝑓 |𝑡=0)
2

=
3

∑
𝑖=1

𝐷𝑖 (c (A𝑖𝑓))
2

=
3

∑
𝑖=1

𝐷𝑖 ((

3

∑
𝑗=1

𝑐𝑗A𝑗|𝑔)
A𝑖𝑓)

2

=
3

∑
𝑖,𝑗=1

(𝐷
1/2
𝑖 𝑐𝑗A𝑖𝑗|𝑔𝑓)

2

= ‖𝑀𝐻 ̂c‖2
𝑙2 , (1.23)

where we let

𝑀 ∶=
⎛
⎜
⎜
⎝

𝐷
1/2
𝑆

𝜁𝐷
1/2
𝑆

𝐷
1/2
𝐴

⎞
⎟
⎟
⎠

and 𝐻 ∶= (A𝑖𝑗|𝑔𝑓)𝑖𝑗
. (1.24)

Assuming 𝜁 > 0 we see that 𝑀 is invertible and that ‖c‖G𝜁
= ‖𝑀−1ĉ‖𝑙2. In the sub-Riemannian

case we have the same relation by noting that 𝑐2 ≡ 0 and so we modify our definitions:

̂c ∶= (𝑐1, 𝑐3)𝑇, 𝑀 ∶= (
𝐷

1/2
𝑆

𝐷
1/2
𝐴

) and 𝐻 ∶=
(
A11|𝑔𝑓 A13|𝑔𝑓
A31|𝑔𝑓 A33|𝑔𝑓)

. (1.25)

Using these modifications we again have ‖c‖G0
= ‖𝑀−1 ̂c‖𝑙2 and (1.23) holds as well. Using these

relations we can formulate our minimization problem in the Euler-Lagrange formalism.
3We would like to give a geometric formulation for this vector but were not able to so far.
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The Lagrangian of this minimization problem is given by:

𝐿( ̂c, 𝜆) = ‖𝑀𝐻 ̂c‖2
𝑙2 + 𝜆 (1 − ‖c‖2

G𝑓) = ‖𝑀𝐻 ̂c‖2
𝑙2 + 𝜆 (1 − ‖𝑀−1 ̂c‖

2
𝑙2) . (1.26)

For which we obtain the derivative with respect to ̂c:

∇ĉ𝐿( ̂c, 𝜆) = ∇ĉ ‖𝑀𝐻ĉ‖2
𝑙2 − 𝜆∇ĉ ‖𝑀−1 ̂c‖

2
𝑙2

= 2 (𝑀𝐻)𝑇 (𝑀𝐻) ̂c − 2𝜆𝑀−2 ̂c.

Which vanishes when:

(𝑀𝐻)𝑇 (𝑀𝐻) ̂c = 𝜆𝑀−2 ̂c ⟺ 𝐻𝑇𝑀2𝐻 ̂c = 𝜆𝑀−2 ̂c ⟺ 𝑀2𝐻𝑇𝑀2𝐻 ̂c = 𝜆 ̂c. (1.27)

Which proves the following statement.

Proposition 1.48. B1|𝑔 expressed in terms of the left invariant basis (A𝑖)
3
𝑖=1 and metric G𝑓 is a unit

eigenvector of the matrix (𝑀2𝐻𝑇𝑀2𝐻) |𝑔, where 𝑀 and 𝐻 are defined as (1.24) if 𝜁 > 0 and (1.25) if
𝜁 = 0.

Wecan be sure that wewill obtain real eigenvalues and eigenvectors by rewriting (1.27) as follows:

𝑀2𝐻𝑇𝑀2𝐻 ̂c = 𝜆 ̂c ⟺ 𝑀𝐻𝑇𝑀2𝐻 (𝑀𝑀−1) ĉ = 𝜆𝑀−1 ̂c

⟺ (𝑀𝐻𝑀)𝑇 (𝑀𝐻𝑀) (𝑀−1 ̂c) = 𝜆𝑀−1 ̂c, (1.28)

and since (𝑀𝐻𝑀)𝑇 (𝑀𝐻𝑀) is symmetric 𝜆 is real.

What eigenvector we choose if there are multiple is up to us, as a rule we take the one with the
smallest absolute eigenvalue. Having determined an optimal ̂c we bring it back to the tangent
space:

B1|𝑔 = 𝑐1A1|𝑔 + 𝑐2A2|𝑔 + 𝑐3A3|𝑔. (1.29)

Remark 1.49. As a means of making the method more robust with regards to noise it can be
beneficial to apply some component-wise Gaussian blur to 𝑔 ↦ (𝑀2𝐻𝑇𝑀2𝐻) |𝑔 before cal-
culating eigenvectors. This way the data and consequently the gauge frames will not make
abrupt movements as we travel along the manifold.

Having fixed B1 we still have some freedom in fixing B2 and B3, since we choose B1 to be the
vector aligned to the data the remaining choices are somewhat arbitrary. For consistency we
will pick the remaining vectors such that if B1|𝑔 = √𝐷𝑆A1|𝑔 then also B2|𝑔 = 𝜁√𝐷𝑆A2|𝑔 and
B3|𝑔 = √𝐷𝐴A3|𝑔 (i.e. all the gauge basis vectors are normalized left invariant basis vectors).

The way we accomplish this (which is not unique, see also [3, Ch. 3]) is by performing the same
spatial rotation on the second and third basis vector as would need to be performed to make A1
colinear with B1. If B𝑖|𝑔 = ∑3

𝑗=1 𝑏𝑗
𝑖A𝑗|𝑔 and the rotation-matrix 𝑅𝑔 at 𝑔 is such that:

⎛
⎜
⎜
⎜
⎜
⎝

𝑏1
1

𝑏2
1

𝑏3
1

⎞
⎟
⎟
⎟
⎟
⎠

= √𝐷𝑆𝑅𝑔

⎛
⎜
⎜
⎜
⎜
⎝

1

0

0

⎞
⎟
⎟
⎟
⎟
⎠

, (1.30)

then we choose the coefficients for B2 and B3 as follows:

⎛
⎜
⎜
⎜
⎜
⎝

𝑏1
2

𝑏2
2

𝑏3
2

⎞
⎟
⎟
⎟
⎟
⎠

= 𝜁√𝐷𝑆𝑅𝑔

⎛
⎜
⎜
⎜
⎜
⎝

0

1

0

⎞
⎟
⎟
⎟
⎟
⎠

,

⎛
⎜
⎜
⎜
⎜
⎝

𝑏1
3

𝑏2
3

𝑏3
3

⎞
⎟
⎟
⎟
⎟
⎠

= √𝐷𝐴𝑅𝑔

⎛
⎜
⎜
⎜
⎜
⎝

0

0

1

⎞
⎟
⎟
⎟
⎟
⎠

. (1.31)
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Per usual we define the dual basis vectors by their action on the basis vectors.

Definition 1.50 (Dual Gauge Vectors). Let 𝜷 𝑖 ∈ 𝑇 ∗𝕄2 such that:

𝜷 𝑖 (B𝑗) = 𝛿𝑖
𝑗. (1.32)

1.2.3 Metric, Gradient and Divergence

On this new data aligned frame (B𝑖)
𝑛
𝑖=1 we place the following metric.

Definition 1.51 (Gauge frame metric).

G
gauge

𝜁 = 𝜷1 ⊗ 𝜷1 + 𝜷2 ⊗ 𝜷2 + 𝜷3 ⊗ 𝜷3,

Or in matrix form

G
gauge

𝜁 ≃
⎛
⎜
⎜
⎝

1
1

1

⎞
⎟
⎟
⎠

, (1.33)

for 𝜁 > 0 and for the sub-Riemannian case 𝜁 = 0 we have

G
gauge

0 = 𝜷1 ⊗ 𝜷1 + 𝜷3 ⊗ 𝜷3 and G
gauge

0 ≃ (
1

1) .

Note how in the gauge frame themetric does not explicitly depend on 𝑓 anymore sincewe already
included it in scaling of the new basis vectors, however we still need to carefully distinguish be-
tween 𝜁 ≠ 0 and 𝜁 = 0.

In the same manner as for the left invariant frame we determine the gradient:

∇gauge

𝜁 𝑓 =
{

(B1𝑓)B1 + (B2𝑓)B2 + (B3𝑓)B3 if 𝑓𝜁 > 0,
(B1𝑓)B1 + (B3𝑓)B3 if 𝜁 = 0.

(1.34)

The new divergence for a vector field v(𝑔) = ∑3
𝑖=1 𝑣𝑖(𝑔)B𝑖|𝑔 is:

div v(𝑔) =
3

∑
𝑖=1

B𝑖|𝑔𝑣𝑖, (1.35)

or sub-Riemannian:
div v(𝑔) = B1|𝑔𝑣1 + B3|𝑔𝑣3, (1.36)

With both the left-invariant and gauge frames in hand the PDE techniques that we will develop in
the later sections will have two underlying geometries on which to act.

1.3 Orientation Scores

We now turn to the method with which we lift an image, represented as a function 𝑓 on ℝ2, to
a function 𝑈𝑓 on 𝕄2 so that we can work on it with the richer tools of the roto-translation man-
ifold. We accomplish this via the Orientation Score Transform and refer to the obtained 𝑈𝑓 as the
orientation score of 𝑓, where we interpret 𝑈𝑓((x,n)) as how strongly the orientation n is present at
location x in the image.

This means that denoising an image will consist of applying the orientation score transform, do-
ing some processing on 𝐹 and finally take the inverse transform to get back an enhanced image.
This process is illustrated in figure 1.8.
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Figure 1.8: Starting from an image as a function on ℝ2 we lift it to 𝕄2 via the orientation score
transform. Processing is done in 𝕄2 before inverting the orientation score transform to yield an
enhanced image.

1.3.1 Invertible Transformation

In practice image functions will be compactly supported so we can restrict ourselves to 𝑓 ∶ Ω𝑓 →
ℝwhereΩ𝑓 is a compact subset ofℝ2. Imagesmight also be in color in which case we require sev-
eral channels, howeverwewill restrict ourselves to single channel images in this chapter since the
techniques are easily extended from one to multiple channels by applying them to each channel
separately.

Lifting 𝑓 to 𝕄2 happens through the following transformation:

Definition 1.52 (Orientation Score Transform (OST)). Let 𝑓 ∈ 𝐿2(ℝ2) with compact support in
Ω𝑓 and 𝑔 = (x,n) ∈ 𝕄2, then:

𝑈𝑓(𝑔) ∶= W𝜓𝑓(𝑔) ∶= (U𝑔𝜓, 𝑓)𝐿2(ℝ2) = ∫Ω𝑓

𝜓 (𝑅−1
n (x − y))𝑓(y) 𝑑y,

where 𝜓 ∈ 𝐿2
𝑐 (𝕄2, ℝ) is a compactly supported anisotropic filter and U𝑔 is the left regular rep-

resentation per definition 1.19.

Observe that by this definition the following holds.

Corollary 1.53.
W𝜓 ∘ U𝑔 = L𝑔 ∘ W𝜓,

which is the reason for our interest in left-invariance, we do not want our image processing to act
any different on the same image that has been rotated and/or translated, demanding that proper-
ties like the one above hold ensures this.

For our application we will be using cake wavelets for 𝜓, so called for their resemblance to pieces
of cake in the Fourier domain, see figure 1.9 for an example. More details on this transformation
and its invertibility can be found in [24, 2].

Remark 1.54. With our choice of filters we generate an orientation score that is symmetric
under change of direction, i.e. 𝑈𝑓((x,n)) = 𝑈𝑓((x, −n)). Depending on the application it might
be desirable to use filters that are directionally sensitive, again see [24].

1.3.2 Visualization

Orientation scores, being higher dimensional, are challenging to visualize on paper. For the pur-
pose of this report, where we restrict ourselves to 2-dimensional grayscale images, we will visu-
alize orientation scores with what we call a orientation rainbow plot.

The idea is that we assign to every pixel a color based on the orientation score as follows:
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Figure 1.9: Example 21 × 21 discrete cake wavelets for 6 orientations, the green arrows indicate
the orientation sensitivity. Top: kernels in the spatial domain, bottom: absolute values of kernels
in the Fourier domain.

• brightness is controlled by the average absolute intensity over all orientations,
• hue corresponds to orientation, where we mix hues based on the absolute intensities
present at that spatial location.

An example of what this looks like can be seen in figure 1.10.

Figure 1.10: Illustrating rainbow visualization of orientation scores, left: source image, right: ori-
entation score. Note how the hue changes on the circle as we go around it and how flat areas
translate to black (the orientation score vanishes).

1.3.3 Orientation Confidence & Isotropy Factor

A useful transformation of an orientation score is the orientation confidence.

In ℝ3 orientation confidence is often calculated by the Laplacian in the subspace orthogonal to
the line structure, we can take a similar approach in 𝕄2 by taking the Laplacian in the space
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spanned by (A2,A3), asA1 is implicitly aligned with the local line structure, in a gauge frameB1
is explicitly aligned with the line structure and so we take the Laplacian in the span of (B2,B3).

In the sub-Riemannian case this just reduces to the secondderivatives in the 1-dimensional spaces
spanned byA3 andB3 respectively. With that in mind we define orientation confidence in 𝕄2 as:

Definition 1.55 (Orientation confidence).

𝐶𝑓(𝑔) ∶= |𝜁
2𝐷𝑆A22|𝑔𝑈𝑓 + 𝐷𝐴A33|𝑔𝑈𝑓| , (using the left invariant frame)

∶= |B22|𝑔𝑈𝑓 + B33|𝑔𝑈𝑓| . (using the gauge frame)

The orientation confidence gives a number in the range [0, ∞) which does not immediately suite
our practical needs, for that reason we transform it as follows.

Definition 1.56 (Isotropy factor). Let 𝑐 > 0be a chosen scaling constant, then the isotropy factor
is defined as4:

𝛼𝑓(𝑔) ∶= 𝑒−
𝐶𝑓(𝑔)

𝑐 .

What is convenient about this quantity is that it gives a number in the range (0, 1] with a number
close to zero indicating a high degree of anisotropy and a 1 indicating perfect isotropy, this is the
quantity that we will use to steer diffusion. For an example in the left invariant frame take a look
at figure 1.11.

The choice of 𝑐 controls how steep the decline of the isotropy factor is, its appropriate value de-
pends on the application and on exactly how the data is represented numerically and is best de-
termined heuristically. For our applications we have used 𝑐 = 0.2.

(a) Source image. (b) Orientation confidence maximum
projection.

(c) Isotropy factor minimum
projection for 𝑐 = 0.05.

Figure 1.11: Demonstrating orientation confidence in the left invariant frame where we have set
𝐷𝑆 = 𝐷𝐴 = 𝜁 = 1 for the purpose of illustration.

4In other works[23] this quantity is called 𝐷𝑏𝑏.
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Chapter 2

Image Denoising

2.1 Introduction

This chapter contains an extended reporting of the work we did in the context of the 2019 SSVM
conference [17]. The primary application in that paper was enhancement of Diffusion-Weighted
Magnetic Resonance Imaging, our contribution was adapting the described methods for the en-
hancement of conventional 2-dimensional images.

We will reprise some of the theory in [17] from the 2-dimensional point of view and present a
greater amount of experiments then could be included in the paper.

All formulations in this chapter are coordinate independent and agnostic to our choice of metric
(unless expressly specified). If we choose to work in the left invariant frame we take G𝜁 ≡ Gleft

𝜁 and
if we choose to work in the gauge frame we take G𝜁 ≡ G

gauge

𝜁 . All the other derived objects such as
gradient and divergence are then relative to that metric and/or frame. We summarize how the
symbols in this chapter should be interpreted relative to this choice in the following table.

Choice of geometry Left invariant Gauge

Frame A1, A2, A3 B1, B2, B3

Co-frame 𝝎1, 𝝎2, 𝝎3 𝜷1, 𝜷2, 𝜷3

Metric tensor G𝜁 Gleft
𝜁 (def.1.29) G

gauge

𝜁 (def. 1.51)

Gradient ∇𝜁 ∇left
𝜁 (1.15) ∇gauge

𝜁 (1.34)

Divergence div(v) ∑3
𝑖=1 A𝑖𝑣𝑖 (1.18) ∑3

𝑖=1 B𝑖𝑣𝑖 (1.35)

Norm ‖⋅‖G𝜁
‖⋅‖Gleft

𝜁
‖⋅‖Ggauge

𝜁

Volume form d𝜇 d𝜇left (corollary 1.34) 𝜷1 ∧ 𝜷2 ∧ 𝜷3

Table 2.1: Definition of symbols used in this chapter relative to the choice of underlying geometry,
relevant definitions and equations included in parentheses.

2.2 Coherence Enhancing Diffusion

To provide a benchmark against which we can compare our new methods we first introduce the
state-of-artmethodCoherence EnhancingDiffusionwhich steers diffusionbasedonorientation con-
fidence[23].
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The idea here being that we use the isotropy factor 𝛼𝑓 from definition 1.56 to apply isotropic dif-
fusion where the data is isotropic and apply anisotropic diffusion where the data is anisotropic.
Let 𝐷𝑆, 𝐷𝐴 and 𝜁 define the metric per definition 1.29.

Definition 2.1 (Coherence Enhancing Diffusion (left invariant)). Given 𝑈 ∈ 𝐵𝑉 (Ω) with Ω
ap.
⊂ 𝕄2

(an aperture per definition 1.41) then we call 𝑊 ∶ Ω × ℝ≥0 → ℝ obeying

⎧⎪
⎨
⎪⎩

𝜕𝑊
𝜕𝑡 (𝑔, 𝑡) = 𝐷𝑆A11𝑊 (⋅, 𝑡) + 𝜁2𝐷𝑆A2 (𝛼𝑓A2𝑊 (⋅, 𝑡)) + 𝐷𝐴A3 (𝛼𝑓A3𝑊 (⋅, 𝑡)) 𝑡 ≥ 0,

𝑊 (𝑔, 0) = 𝑈(𝑔) 𝑔 ∈ Ω,

coherence enhancing diffusion on the left invariant frame started at 𝑈.

Observe that𝑊 is smooth since it is the solution to a parabolic PDEwith differentiable coefficients.

Or if we are working in the gauge frame:

Definition 2.2 (Coherence Enhancing Diffusion (gauge)). Given 𝑈 ∈ 𝐵𝑉 (Ω) with Ω
ap.
⊂ 𝕄2 then

we call 𝑊 ∶ Ω × ℝ≥0 → ℝ obeying

⎧⎪
⎨
⎪⎩

𝜕𝑊
𝜕𝑡 (𝑔, 𝑡) = B11𝑊 (⋅, 𝑡) + B2 (𝛼𝑓B2𝑊 (⋅, 𝑡)) + B3 (𝛼𝑓B3𝑊 (⋅, 𝑡)) 𝑡 ≥ 0,

𝑊 (𝑔, 0) = 𝑈(𝑔) 𝑔 ∈ Ω,

coherence enhancing diffusion on the gauge frame started at 𝑈.

2.3 Total Variation Flow

So far most of what we have constructed relies on functions being at least continuously differen-
tiable. And while in practice images being discrete means they can be approximated arbitrarily
close by smooth functions we might want to include discontinuities as a means to model step-
edges without losing toomuch in terms of differentiation. For that reason we turn to functions of
bounded variation.

Intertwined with such functions is the concept of total variation itself or within the context of
𝕄2: total roto-translation variation. Total variation relates to noisy images in the sense that adding
noise to an image function increases its total variation. This gives us an avenue of attack in de-
noising images by decreasing their total variation, an approach that has been applied successfully
to 2D images [25, 26] and has been extended to lifted images [5]. The novelty of our approach in
[17] is formulating a more general PDE approach that works equally well in higher dimensions.

2.3.1 Weak Formulation

We start with the function space 𝐿1 so that integrals exists, for these functions we can calculate
their total variation.

Definition 2.3 (Total variation). Let 𝑈 ∈ 𝐿1(Ω) then:

𝑇 𝑉 (𝑈, Ω) ∶= sup{∫Ω
𝑈(𝑔)div v(𝑔) d𝜇(𝑔) | v a 𝐶1

0 vector field ∶ ∀𝑔 ∈ Ω ∶ ‖v‖G𝜁
≤ 1} .

Recall that this formulation depends on our choice of metric, either we go with the left invariant
frames and use definition 1.29 or we go with the gauge frames and use definition 1.51.

We now restrict ourselves to those 𝐿1 functions that have finite total variation and call these func-
tions of bounded variation.
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Definition 2.4 (Space of functions of bounded variation).

𝐵𝑉 (Ω) ∶= {𝑈 ∈ 𝐿1(Ω) | 𝑇 𝑉 (𝑈, Ω) < ∞} .

For the purpose we have in mind we will amend the previous definitions, starting with the space
over which we take the supremum that we have not explicitly named above.

Definition 2.5 (Regularized smoothing space). Let Ω be a compact subset of 𝕄2, 𝐶∞
0 (Ω) the

space of smooth functions and 𝜒0(Ω) the space of smooth vector fields both zero on the bound-
ary then:

𝑆𝑚(Ω) ∶= { (𝜓, v) ∈ 𝐶∞
0 (Ω) × 𝜒0(Ω) | ∀𝑔 ∈ Ω ∶ ‖v(𝑔)‖2

G𝑘
+ |𝜓(𝑔)|2 ≤ 1 } .

Definition 2.6 (Total roto-translation variation). Let 𝑈 ∈ 𝐵𝑉 (Ω) and 𝜀 ≥ 0 then:

𝑇 𝑉𝜀(𝑈, Ω) ∶= sup
(𝜓,v)∈𝑆𝑚(Ω) ∫Ω

𝜀𝜓(𝑔) + 𝑈(𝑔)div v(𝑔) d𝜇(𝑔).

The key idea here is that we bound 𝑇 𝑉𝜀 from below with the inclusion of the 𝜀𝜓 term, we can see
that if we take a vector field with zero divergence and 𝜓 ≡ 1 then the integral evaluates to 𝜀𝜇(Ω).
From which we conclude the following corollary.

Corollary 2.7.
0 < 𝜀𝜇(Ω) ≤ 𝑇 𝑉𝜀(𝑈, Ω),

Additionally if 𝑈 ∈ 𝐵𝑉 (Ω):

0 ≤ 𝑇 𝑉0(𝑈, Ω) ≤ 𝑇 𝑉𝜀(𝑈, Ω) ≤ 𝑇 𝑉0(𝑈, Ω) + 𝜀𝜇(Ω).

When we set 𝜀 = 0 we trivially recover the classical notion of total variation.

2.3.2 Strong Formulation

We can now go back and take a 𝑈 that is continuously differentiable and see how to interpret total
variation for more well behaved functions.

Lemma 2.8. With Ω
ap.
⊂ 𝕄2 let 𝑈 ∈ 𝐶1(Ω, ℝ) and 𝜁, 𝜀 > 0 then we have:

𝑇 𝑉𝜀(𝑈, Ω) = ∫Ω √‖∇𝜁𝑈(𝑔)‖
2
G𝜁

+ 𝜀2 d𝜇(𝑔).

Proof.

𝑇 𝑉𝜀(𝑈, Ω) = sup
(𝜓,v)∈𝑆𝑚(Ω) ∫Ω

𝜀𝜓(𝑔) + 𝑈(𝑔)div v(𝑔) d𝜇(𝑔)

= sup
(𝜓,v)∈𝑆𝑚(Ω) ∫Ω

𝜀𝜙(𝑔) − v(𝑔)𝑈 d𝜇(𝑔) + ∫Ω
div (𝑈v) (𝑔) d𝜇(𝑔) (lemma 1.40)

We can apply Gauss’s theorem since the boundary is piecewise smooth and 𝑈v is 𝐶1, the resulting
term is zero since v vanishes at the boundary.

= sup
(𝜓,v)∈𝑆𝑚(Ω) ∫Ω

𝜀𝜙(𝑔) − v(𝑔)𝑈 d𝜇(𝑔) + ∮𝜕Ω
(𝑈(𝑔)v(𝑔),N(𝑔))G𝜁

d𝜎(𝑔)

= sup
(𝜓,v)∈𝑆𝑚(Ω) ∫Ω

𝜀𝜙(𝑔) − (∇𝜁𝑈(𝑔), v(𝑔))G𝜁
d𝜇(𝑔)
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We can look at the integrand as an inner product in the space ℝ × 𝑇𝑔𝕄2 defined as follows:
⟨(𝑎1, v1), (𝑎2, v2)⟩ℝ×𝑇𝑔𝕄2

∶= 𝑎1𝑎2 + ⟨v1, v2⟩G𝜁
, we rewrite:

= sup
(𝜓,v)∈𝑆𝑚(Ω) ∫Ω

((𝜀, ∇𝜁𝑈) , (𝜓(𝑔), −v(𝑔)))ℝ×𝑇𝑔𝕄2
d𝜇(𝑔).

From the Cauchy-Schwarz inequality we know that to maximize the integrand we need to select
(𝜓, −v) as being collinear with (𝜀, ∇𝜁𝑈) while ‖v(𝑔)‖2

G𝑘
+ |𝜓(𝑔)|2 = 1, hence the 𝐶1 optimal would

be:

(𝜙(𝑔), −v(𝑔)) = 1

√‖∇𝜁𝑈(𝑔)‖
2
𝜁 + 𝜀2

(𝜀, ∇𝑘𝑈(𝑔)) .

Since 𝜓 and v are smooth they can arbitrarily closely approximate the optimal above so substitut-
ing this 𝐶1 optimum gives exactly the supremum:

𝑇 𝑉𝜀 (𝑈, Ω) = ∫Ω

((𝜀, ∇𝜁𝑈(𝑔)) , (𝜀, ∇𝜁𝑈(𝑔)))ℝ×𝑇𝑔𝕄2

√‖∇𝜁𝑈(𝑔)‖
2
𝜁 + 𝜀2

d𝜇(𝑔)

= ∫Ω

𝜀2 + (∇𝜁𝑈(𝑔), ∇𝜁𝑈(𝑔))G𝜁

√‖∇𝜁𝑈(𝑔)‖
2
𝜁 + 𝜀2

d𝜇(𝑔)

= ∫Ω

‖∇𝜁𝑈(𝑔)‖
2
𝜁 + 𝜀2

√‖∇𝜁𝑈(𝑔)‖
2
𝜁 + 𝜀2

d𝜇(𝑔)

= ∫Ω
√‖∇𝜁𝑈(𝑔)‖

2
𝜁 + 𝜀2 d𝜇(𝑔).

�

From this lemma we can see how total variation measures how much a 𝐶1 function changes by
integrating the norm of the gradient over the domain. The reason we added the 𝜀 term also be-
comes clearer as it keeps the integrand strictly positive at every 𝑔 ∈ 𝕄2 and so makes dividing by
this quantity well defined even when the gradient vanishes at some point.

Now looking at ourmodified total variation as a quantity to optimize, or at least reduce, we can for-
mulate a variational problem. In order to establish an optimization algorithm the first variation
in particular will be of importance.

Lemma 2.9 (First variation of TV). With Ω
ap.
⊂ 𝕄2 let 𝑈 ∈ 𝐶2(Ω) and 𝜁, 𝜀 > 0, then:

𝜕𝑇 𝑉𝜀(𝑈) = −div

⎛
⎜
⎜
⎜
⎜
⎝

∇𝜁𝑈

√‖∇𝜁𝑈‖
2
G𝜁

+ 𝜀2

⎞
⎟
⎟
⎟
⎟
⎠

.

Proof. Let 𝛿 be a smooth function vanishing at the boundary on which we apply an equivalent
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formulation of the first variation:

⟨𝜕𝑇 𝑉𝜀(𝑈), 𝛿⟩𝐿2(Ω) = lim
ℎ↓0

𝑇 𝑉𝜀(𝑈 + ℎ𝛿) − 𝑇 𝑉𝜀(𝑈)
ℎ

= lim
ℎ↓0

1
ℎ ∫Ω √‖∇𝜁 (𝑈 + ℎ𝛿) (𝑔)‖

2
G𝜁

+ 𝜀2

− √‖∇𝜁𝑈(𝑔)‖
2
G𝜁

+ 𝜀2 d𝜇(𝑔)

= lim
ℎ↓0

1
ℎ ∫Ω √‖∇𝜁𝑈(𝑔)‖

2
G𝜁

+ 2ℎ (∇𝜁𝑈(𝑔), ∇𝜁𝛿(𝑔))G𝜁
+ ℎ2 ‖∇𝜁𝛿(𝑔)‖

2
G𝜁

+ 𝜀2

− √‖∇𝜁𝑈(𝑔)‖
2
G𝜁

+ 𝜀2 d𝜇(𝑔)

(Taylor expansion of the integrand around ℎ = 0)

= lim
ℎ↓0

1
ℎ ∫Ω

ℎ (∇𝜁𝑈(𝑔), ∇𝜁𝛿(𝑔))G𝜁

√‖∇𝜁𝑈(𝑔)‖
2
G𝜁

+ 𝜀2
+ 𝑂 (ℎ2) d𝜇(𝑔)

= ∫Ω

⎛
⎜
⎜
⎜
⎜
⎝

∇𝜁𝑈(𝑔)

√‖∇𝜁𝑈(𝑔)‖
2
G𝜁

+ 𝜀2
, ∇𝜁𝛿(𝑔)

⎞
⎟
⎟
⎟
⎟
⎠G𝜁

d𝜇(𝑔)

(lemma 1.40)

= ∫Ω
div

⎛
⎜
⎜
⎜
⎜
⎝

𝛿∇𝜁𝑈

√‖∇𝜁𝑈‖
2
G𝜁

+ 𝜀2

⎞
⎟
⎟
⎟
⎟
⎠

(𝑔) − 𝛿(𝑔)div

⎛
⎜
⎜
⎜
⎜
⎝

∇𝜁𝑈

√‖∇𝜁𝑈‖
2
G𝜁

+ 𝜀2

⎞
⎟
⎟
⎟
⎟
⎠

(𝑔) d𝜇(𝑔)

(Gauss’s theorem on the first term which then vanishes since 𝛿 = 0 on the boundary)

= ∮𝜕Ω

𝛿(𝑔) (∇𝜁𝑈(𝑔),N(𝑔))G𝜁

√‖∇𝜁𝑈(𝑔)‖
2
G𝜁

+ 𝜀2
d𝜎(𝑔) − ∫Ω

𝛿(𝑔)div

⎛
⎜
⎜
⎜
⎜
⎝

∇𝜁𝑈

√‖∇𝜁𝑈‖
2
G𝜁

+ 𝜀2

⎞
⎟
⎟
⎟
⎟
⎠

(𝑔) d𝜇(𝑔)

= − ∫Ω
𝛿(𝑔)div

⎛
⎜
⎜
⎜
⎜
⎝

∇𝜁𝑈

√‖∇𝜁𝑈‖
2
G𝜁

+ 𝜀2

⎞
⎟
⎟
⎟
⎟
⎠

(𝑔) d𝜇(𝑔)

=

⎛
⎜
⎜
⎜
⎜
⎝

−div

⎛
⎜
⎜
⎜
⎜
⎝

∇𝜁𝑈

√‖∇𝜁𝑈‖
2
G𝜁

+ 𝜀2

⎞
⎟
⎟
⎟
⎟
⎠

, 𝛿

⎞
⎟
⎟
⎟
⎟
⎠𝐿2(Ω)

�

The first variation of TVdoes not scale with the function, indeed let 𝜆 > 0 then 𝑇 𝑉0(𝜆𝑈) = 𝑇 𝑉0(𝑈).
At first sight this isn’t a desirable property for an image processing tool since we would like a
method to be invariant under monotonic codomain transformations. There is however also an
opportunity here vis-à-vis stability and time-scaling that we will encounter later.
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2.3.3 Enhancement PDE

With the results of the previous sections in hand we can formulate an evolution equation that
starts from the given function and reduces its total variation as time progresses.

Definition 2.10 (Total Variation Flow). Given 𝑈 ∈ 𝐵𝑉 (Ω) with Ω
ap.
⊂ 𝕄2 and 𝜀, 𝜁 > 0 then we call

𝑊 𝜀 ∶ 𝕄2 × ℝ≥0 → ℝ (being smooth) obeying

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

𝜕𝑊 𝜀

𝜕𝑡 (𝑔, 𝑡) = div

⎛
⎜
⎜
⎜
⎜
⎝

∇𝜁𝑊 𝜀(⋅, 𝑡)

√‖∇𝜁𝑊 𝜀(⋅, 𝑡)‖
2
G𝜁

+ 𝜀2

⎞
⎟
⎟
⎟
⎟
⎠

(𝑔) 𝑡 ≥ 0,

∇ℝ2𝑊 𝜀(𝑔, 0) ⋅ N(x) = 0 𝑔 = (x,n) ∈ 𝜕Ω,
𝑊 𝜀(𝑔, 0) = 𝑈(𝑔) 𝑔 ∈ Ω.

(2.1)

the total variation flow started at𝑈, or equivalently the gradient flow of 𝑇 𝑉𝜀 started at𝑈. Where
we use Neumann boundary conditions with N as the normal to the spatial boundary.

Given that we have defined the gradient and divergence in terms of the left-invariant differential
operators (A𝑖)

3
𝑖=1 we see that our formulation ofTVF is equivariant under group action, it does not

matter where we locate the data in the manifold, the resulting flow is the same only at a different
location. Or formally for all 𝑔 ∈ 𝕄2 let 𝑊 𝜀 be the flow started at 𝑈 and 𝑊 𝜀

𝑔 the flow started at
L𝑔𝑈, then:

L𝑔𝑊 𝜀(⋅, 𝑡) = 𝑊 𝜀
𝑔 (⋅, 𝑡). (2.2)

The next result serves to bound the effect of our introduction of 𝜀 as a regularization mechanism
and assures us that our modifications do not qualitatively alter the gradient flow.

Theorem2.11 (Strong𝐿2-convergence). Let𝑈 ∈ 𝐵𝑉 (Ω) and let𝑊 𝜀 be the gradient flowof𝑇 𝑉𝜀 started
at 𝑈 and 𝜁, 𝜀 ≥ 0. For 𝑡 ≥ 0 we have

𝑊 𝜀(⋅, 𝑡)
𝜀↓0

−−−−−−−−→
𝐿2(Ω)

𝑊 0(⋅, 𝑡).

And furthermore

‖𝑊 𝜀(⋅, 𝑡) − 𝑊 0(⋅, 𝑡)‖𝐿2(Ω) ≤ 16 (‖𝑈‖𝐿2(Ω) (𝑇 𝑉0(𝑈) + 𝛿) 𝛿𝑡2)
1/5 = 𝑂 (

5√𝜀𝑡2
) ,

where 𝛿 = 𝜀𝜇(Ω).

Proof. We aim to satisfy the conditions of [17, Thm. 2] when we let 𝐻 = 𝐿2(Ω), 𝐹 = 𝑇 𝑉0 and
𝐺 = 𝑇 𝑉𝜀.

• Clearly 𝐿2(Ω) is a Hilbert space.
• 𝐹 and 𝐺 are proper since total variation is non-negative and not infinite for all 𝐿2(Ω) func-
tions.

• From corollary 2.7 it follows that: ∀𝑢 ∈ 𝐻 ∶ |𝐹 (𝑢) − 𝐺(𝑢)| < 𝜀𝜇(Ω) = 𝛿.
• 𝐹 and 𝐺 are convex. Let 𝜆 ∈ (0, 1) and 𝑢1, 𝑢2 ∈ 𝐻, then

𝐺 (𝜆𝑢1 + (1 − 𝜆)𝑢2) = sup
(𝜙,v)∈𝑆𝑚(Ω) ∫Ω

𝜀𝜙 + (𝜆𝑢1 + (1 − 𝜆)𝑢2)div v d𝜇

= sup
(𝜙,v)∈𝑆𝑚(Ω) (𝜆 ∫Ω

𝜀𝜙 + 𝑢1 div v d𝜇 + (1 − 𝜆) ∫Ω
𝜀𝜙 + 𝑢2 div v d𝜇)

≤ 𝜆 sup
(𝜙,v)∈𝑆𝑚(Ω) ∫Ω

𝜀𝜙 + 𝑢1 div v d𝜇 + (1 − 𝜆) sup
(𝜙,v)∈𝑆𝑚(Ω) ∫Ω

𝜀𝜙 + 𝑢2 div v d𝜇

= 𝜆𝐺(𝑢1) + (1 − 𝜆)𝐺(𝑢2).

The above steps also work for 𝐹, so both are convex.
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• 𝐹 and 𝐺 are lower semi-continuous. Let 𝑢0 ∈ 𝐻 then

lim inf
𝑢→𝑢0

𝐺(𝑢) = lim inf
𝑢→𝑢0

𝐺(𝑢) − 𝐺(𝑢0) + 𝐺(𝑢0)

= lim inf
𝑢→𝑢0 ( sup

(𝜙,v)∈𝑆𝑚(Ω) ∫Ω
𝜀𝜙 + 𝑢div v d𝜇 − sup

(𝜙,v)∈𝑆𝑚(Ω) ∫Ω
𝜀𝜙 + 𝑢0 div v d𝜇)

+ 𝐺(𝑢0)

(let (𝜙𝑛, v𝑛)𝑛∈ℕ ⊂ 𝑆𝑚(Ω) so that ∫Ω 𝜀𝜙𝑛 + 𝑢0 div v𝑛 d𝜇 → 𝐺(𝑢0) as 𝑛 → ∞)

≥ lim inf
𝑢→𝑢0 ( lim

𝑛→∞ ∫Ω
(𝑢 − 𝑢0)div v𝑛 d𝜇) + 𝐺(𝑢0)

= lim inf
𝑢→𝑢0 ( lim

𝑛→∞ (𝑢 − 𝑢0,div v𝑛)𝐿2(Ω)) + 𝐺(𝑢0)

= lim inf
𝑢→𝑢0 (𝑢 − 𝑢0 , lim

𝑛→∞
div v𝑛)𝐿2(Ω)

+ 𝐺(𝑢0) = 𝐺(𝑢0).

And the same for 𝐹 when 𝜀 = 0, so both are lower semi-continuous.

Now take 𝐸 = max {𝐹 (𝑈), 𝐺(𝑈)} ≤ 𝑇 𝑉0(𝑈) + 𝛿 and 𝑀 = ‖𝑈‖𝐿2(Ω) then applying [17, Thm. 2] we
get:

‖𝑊 𝜀(⋅, 𝑡) − 𝑊 0(⋅, 𝑡)‖𝐿2(Ω) ≤ 16 (𝑀𝐸𝛿𝑡2)
1/5 + ‖𝑈 − 𝑈‖𝐿2(Ω)

≤ 16 (‖𝑈‖𝐿2(Ω) (𝑇 𝑉0(𝑈) + 𝛿) 𝛿𝑡2)
1/5 ,

for all 𝑡 ∈ [0 , ‖𝑈‖6
𝐿2(Ω) (𝑇 𝑉0(𝑈) + 𝛿)

6 /𝛿9
].

Clearly if 𝑈 ∈ 𝐵𝑉 (Ω) then as 𝜀 → 0 the bound goes to zero and the time interval on which it is
valid goes to infinity. �

2.3.4 Isotropy Controlled Flow

We canmake a further refinement to the TVFmethod by incorporating the isotropy factor. Recall
that the spatial isotropy factor 𝛼𝑓 takes values in (0, 1] where a value close to 0 indicates that the
data is anisotropic while a value close to 1 indicates that the data is isotropic. We can make the
samemodification to TVF that Coherence Enhancing Diffusionmade to diffusion (without necessar-
ily using gauge frames).

Definition 2.12 (Coherence Enhancing Total Variation Flow). Given 𝑈 ∈ 𝐵𝑉 (Ω) with Ω
ap.
⊂ 𝕄2

and 𝜀, 𝜁 ≥ 0 then we call 𝑊 𝜀 ∶ 𝕄2 × ℝ≥0 → ℝ obeying

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

𝜕𝑊 𝜀

𝜕𝑡 (𝑔, 𝑡) = (div ∘ (
1

𝛼𝑓(𝑔)
𝛼𝑓(𝑔) ))

⎛
⎜
⎜
⎜
⎜
⎝

∇𝜁𝑊 𝜀(⋅, 𝑡)

√‖∇𝜁𝑊 𝜀(⋅, 𝑡)‖
2
G𝜁

+ 𝜀2

⎞
⎟
⎟
⎟
⎟
⎠

(𝑔) 𝑡 ≥ 0,

∇ℝ2𝑊 𝜀(𝑔, 0) ⋅ N(x) = 0 𝑔 = (x,n) ∈ 𝜕Ω,
𝑊 𝜀(𝑔, 0) = 𝑈(𝑔) 𝑔 ∈ Ω.

(2.3)

the coherence enhancing total variation flow started at 𝑈, or equivalently the gradient flow of
𝑇 𝑉𝜀 started at 𝑈. Where we use Neumann boundary conditions with N as the normal to the
spatial boundary.
Again gradient and divergence used here are either the left-invariant ones from section 1.1.5
(where the metric tensor is diagonalized in the left invariant frame) or the gauge frame ones
from 1.2.3 (where themetric tensor is diagonalized in the gauge frame). The rescaling operator

(
1

𝛼𝑓(𝑔)
𝛼𝑓(𝑔) ) should be understood as being relative to one of those diagonalized metrics.
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2.4 Mean Curvature Flow

Total Variation Flow not being invariant under monotonic codomain transformation leads us to
consider a close relative that does have this property: Mean Curvature Flow (MCF).

2.4.1 Mean Curvature

Consider a curve inℝ2, then itsmean curvature is defined in termsof its unit normaln as (−divn).
We say that such a curve follows the mean curvature flow if all points x of the curve move as:

𝜕𝑡x = −div(n) n. (2.4)

Remark 2.13. Some sources define mean curvature multiplied with a constant factor 1/2 or 1/𝑛
for higher dimensions, we do not include it in our definition.

Usually this flow will lead to singularities, such as in figure 2.1, after which the formulation (2.4)
is no longer valid since the normal vector is not defined in singular points. This problem can be
overcome by looking as the curve (or (hyper)surface) as the level set of an underlying function.
Defined in such a way we can construct an evolution equation in such a way that the level set
curves move along their mean curvature flow, see [27] for the original results or [28] for a more
comprehensive overview.

Suppose a smooth function 𝐹 on ℝ𝑛 then the evolution equation

{
𝜕𝑡𝐹 = ‖∇𝐹‖div(

∇𝐹
‖∇𝐹‖ ) ,

𝐹 (0) = 𝐹0.
(2.5)

gives rise to the function’s level sets following the mean curvature flow.

Remark that if we take 𝜆 > 0 then unlike for TVF we have 𝜕𝑡(𝜆𝐹 ) = 𝜆𝜕𝑡𝐹.

For an example of this construction see figure 2.1, where we let (2.4) act first on a polynomial on
ℝ2 and then on the same function which has had a significant amount of noise added, we plot the
same level set at the same points in time in both cases. It should be clear from the figure why we
would consider mean curvature flow for the purpose of denoising.

𝑡
−−−−−−−−−−−−−→

Figure 2.1: Mean curvature flow on a level set in 2D, top: starting from the polynomial (𝑥 − 1)2(𝑥 +
1)2 + 𝑦2 for a value of 1, bottom: the same but with added sinusoidal noise.

Just like total variation flow, mean curvature flow admits weak solutions[27] which allows for its
application to non-smooth imaging functions[6].

2.4.2 Enhancement PDE

In order for the PDE to be defined even when the gradient vanishes and to ensure numerical
stability we add a small regularization constant 𝜀 in the same vein as [27, 6] but inline with our
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construction of total variation flow. This brings us to our definition of mean curvature flow on
𝕄2.

Definition 2.14 (Mean Curvature Flow). Given 𝑈 ∈ 𝐵𝑉 (Ω) with Ω
ap.
⊂ 𝕄2 and 𝜀, 𝜁 ≥ 0 then we

call 𝑊 𝜀 ∶ 𝕄2 × ℝ≥0 → ℝ obeying

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

𝜕𝑊 𝜀

𝜕𝑡 (𝑔, 𝑡) = √‖∇𝜁𝑊 𝜀(⋅, 𝑡)‖
2
G𝜁

+ 𝜀2 div

⎛
⎜
⎜
⎜
⎜
⎝

∇𝜁𝑊 𝜀(⋅, 𝑡)

√‖∇𝜁𝑊 𝜀(⋅, 𝑡)‖
2
G𝜁

+ 𝜀2

⎞
⎟
⎟
⎟
⎟
⎠

(𝑔) 𝑡 ≥ 0,

∇ℝ2𝑊 (x,n, 0) ⋅ N(x) = 0 𝑔 = (x,n) ∈ 𝜕Ω,

𝑊 𝜀(𝑔, 0) = 𝑈(𝑔) 𝑔 ∈ Ω.

the mean curvature flow started at 𝑈.

Just like TVF, our MCF formulation is equivariant under group action on 𝕄2.

Remark 2.15. Similarly to what we have done for TVF we can construct a Coherence Enhancing

Mean Curvature Flow by replacing div by the operator div ∘ (
1

𝛼𝑓
𝛼𝑓 ).

2.5 Implementation Notes

2.5.1 Numerical Stability

Our implementation depends on the Lie Analysis[29] package for Mathematica, which we use to
calculate orientation scores. While the Lie Analysis package also provides gauge frames, we use
our own implementation, which we started as an exercise but we noted that for our choice of
parameters and the images we considered it performed slightly better. We tracked this down to
the scale at which we calculate the eigenvectors1, in theory this does not matter but numerically
it does.

We discretize the right hand side of our evolution equations with first-order finite differences and
then integrate using forward Euler. Forward Euler being only conditionally stablemeanswe need
to take care in choosing a time step. For diffusion we can determine a bound on Δ𝑡 analytically
via the Gershgorin circle theorem[30, Ch 4.2], but our equations are more difficult to analyze and
we determined suitable Δ𝑡 heuristically as we performed our experiments.

An important additional technique we already briefly mentioned needed to make the numerical
implementation stable is smoothing. We apply Gaussian smoothing in two places:

1. We smooth the Hessian matrix component-wise before determining the first gauge frame
vector.

2. We smooth the gradient norm.

Considering thatwe usually havemuchhigher spatial resolution (>> 100) than angular resolution
(usually 8) we adapt the smoothing to reflect this by applying more (discrete) spatial smoothing
than (discrete) angular smoothing. Additionally we employ different padding rules: spatially we
need to introduce new data on the edges to maintain the size of the orientation score, which we
do with fixed padding, angularly there is no need to extrapolate data because of the periodicity of
𝑆1, we simply pad with the data on the opposite side of the array.

1Compare the two scales given in (1.28)
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2.5.2 Timescales & Total Variation Scaling

Given the significant differences in the three techniques we presentedwe should not expect these
to operate on the same timescale, and indeed they do not as can be seen in table 2.2.

Technique Time to lowest 𝐿1 error
CEDOS 0.25

Mean Curvature Flow 0.70
Total Variation Flow 0.02

Table 2.2: Comparing timescales by time to lowest 𝐿1 error on a test image.

For the purpose of presentation and ease of comparison wewill want to pretend that they are and
plot results as such while cautioning the reader not to directly compare different methods at a
particular time.

From table 2.2 we can see that the CEDOS andMCFminima are of the same order andwe can plot
any data on the same timescale without issues. TVF however acts on a much smaller timescale
but instead of modifying the timescale after the fact we can use that for 𝜆 > 0 we have 𝑇 𝑉 (𝜆𝑓) =
𝑇 𝑉 (𝑓) which means that the size of the integration step is invariant to scaling. If we then let 𝑊1
be the total variation flow started at 𝑓 and 𝑊𝜆 the flow started at 𝜆𝑓 we obtain:

𝑊1 (⋅, 𝑡) = 1
𝜆

𝑊𝜆 (⋅, 𝜆𝑡) . (2.6)

From which follows that if 𝑊1 obtains its minimum error at time 𝑡 then 𝜆−1𝑊𝜆 obtains the same
minimum error at 𝜆𝑡. Hence we simply need to choose 𝜆 appropriately to bring the temporal
behavior of TVF inline with CEDOS and MCF. In our experiments we have chosen 𝜆 = 50.

2.6 Experiments

We center our experiments on the test image shown in figure 2.3a, to which we add zero-mean
Gaussian noise with 0.3 standard deviation and clip back to [0, 1].

2.6.1 Isotropic without Coherence Enhancement

Our first set of experiments uses isotropic (𝜁 = 1) MCF and TVF without coherence enhancement
to denoise the test image. We use both the left invariant and gauge frame variant and benchmark
against CEDOS (or rather just DOS without the coherence enhancement, meaning simply diffu-
sion on the orientation score). The key parameters that were used in this section are summarized
in table 2.3.

Parameter Purpose Value
𝐷𝑆 Spatial weighting 1
𝐷𝐴 Angular weighting 0.01
𝜁 Lateral weighting 1
𝑐 Isotropy factor drop-off 0.2
𝜆 TVF scaling 50
𝜀 Gradient norm regularization 0.001

Table 2.3: Key parameters for isotropic experiments.

For a quantitative analysis we employ the relative 𝐿1 and 𝐿2 norms. Let 𝑓0 ∶ Ω → [0, 1] be the
source image and 𝑓𝑡 ∶ ℝ≥0 × Ω → [0, 1] the image resulting from the inverse orientation score
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transform of the flow started at 𝑓0 with added noise then we will look at the following quantity:

‖𝑓𝑡 − 𝑓0‖𝑝

‖𝑓0‖𝑝

, (2.7)

where 𝑝 ∈ {1, 2}.

We plot these quantities in figure 2.2. It is clear that TVF produces the smallest error and MCF is
unable to outperform CEDOS in this case. We can also see that while adding gauge frames does
not improve the minimum error much it does drastically diminish the image degradation due to
over-smoothing for MCF and TVF.

Figure 2.2: Relative errors for isotropic setup without coherence enhancement

For a qualitative comparison we smooth the test image for twice the time needed to reach the
minimal 𝐿2 error for eachmethod so as tomake the comparison as fair as possible. The resulting
images are plotted in figure 2.3 along with the original image and the noisy image.

We can conclude that the qualitative comparison is inline with the error analysis, TVF clearly has
dealt very well with the noise, almost fully clearing the plateaus while keeping the edges distinct.
CEDOS and MCF maintain edges as well but they do not clear the plateaus nearly as well.
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(a) Source image. (b) Noisy image.

(c) CEDOS at 𝑡 = 0.6. (d) Gauge frame CEDOS at 𝑡 = 0.6.

(e) MCF at 𝑡 = 1.6. (f) Gauge frame MCF at 𝑡 = 1.8.

(g) TVF at 𝑡 = 1.8. (h) Gauge frame TVF at 𝑡 = 1.8.

Figure 2.3: Qualitative comparison of isotropic flows at twice the time needed to reach the mini-
mal 𝐿2 error.
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We can take a closer look at the edge vs. plateau behavior by looking at cross sections, we plot one
in figure 2.4. We see that while TVF cleans up the plateaus better it does lose a bit more contrast
than CEDOS or MCF, we will get back to this in 2.6.4.

(a) Location of the cross section.

(b) Resulting cross sections with left invariant methods.

(c) Resulting cross sections with gauge frames.

Figure 2.4: Cross section of isotropic flows without coherence enhancement at twice the time
needed to reach the minimal 𝐿2 error.
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2.6.2 Isotropic with Coherence Enhancement

We repeat the previous experiment but this time we enable coherence enhancement, the param-
eters stay the same as in table 2.3. We plot the relative errors in figure 2.5.

Figure 2.5: Relative errors for isotropic setup with coherence enhancement

The overall error behavior is the same with coherence enhancement as without coherence en-
hancementwith a slight improvementminima. However this time the effect of switching to gauge
frames is much less positive, CEDOS becomes overall worse, MCF only shows a reduced benefit
and while TVF shows improved over-smoothing behavior its minimal error is increased.

Visually the results are indistinguishable from the non-coherence enhancement results shown in
figure 2.3. We compare the error minima of our experiments so far in table 2.4.

Table 2.4: Comparing minimal relative 𝐿1 and 𝐿2 errors for isotropic methods.

To explain the disappointing performance we take a look at the effect of noise on gauge frame
fitting by looking at the gauge frame derived isotropy factor and the local curvature estimate. The
isotropy factor we already know, the local (absolute) curvature we can estimate as follows[23, Eq.
32]: let B1 = ∑3

𝑖=1 𝑏𝑖A𝑖 be the first gauge frame vector then we calculate:

|𝑏3|

√(𝑏1)2 + (𝑏2)2
. (2.8)

For the purpose of plotting we then use the isotropy factor to apply alpha so that we only show
the local curvature at locations where we have a high degree of anisotropy.

The result of this calculation is shown in figure 2.6. We can see that noise significantly affects the
result, while the isotropy factormap just becomes noisy the curvature shows large patches where
the curvature estimate is significantly off, particularly on the outer parts of the spirals.

We can reason that using coherence enhancement or gauge frames is beneficial but both is not
because using both we carry too much of the noise over into the final product.
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(a) Gauge frame isotropy factor (minimum projection) of the source image (left) and the noisy image (right).

(b) Gauge frame derived curvature estimate of the source image (left) and the noisy image (right).

Figure 2.6: Looking at the effect of noise on gauge frame fitting.

2.6.3 Anisotropic

To see the effect of anisotropic flow we set 𝜁 = 0.25 and repeat the experiment, first without
coherence enhancement. We plot the relative errors in figure 2.7.

Figure 2.7: Relative errors for anisotropic (𝜁 = 0.25) setup without coherence enhancement
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The error plots have becomemore confused with the introduction of anisotropy, the six methods
react quite differently to being laterally restricted. However looking at the over-smoothed images
in figure 2.8 we can still see that TVF is far ahead of CEDOS and MCF when it comes to removing
noise while still preserving edges.

(a) CEDOS at 𝑡 = 4.6. (b) Gauge frame CEDOS at 𝑡 = 2.0.

(c) MCF at 𝑡 = 6.2. (d) Gauge frame MCF at 𝑡 = 10.6.

(e) TVF at 𝑡 = 3.6. (f) Gauge frame TVF at 𝑡 = 5.8.

Figure 2.8: Qualitative comparison of isotropic flows (𝜁 = 0.25) at twice the time needed to reach
the minimal 𝐿2 error.

Switching on coherence enhancement yields some quantitative improvement, as can be seen in
figure 2.9, but yields no qualitative difference with the non-coherence enhancement images al-
ready shown in figure 2.8.
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Figure 2.9: Relative errors for anisotropic (𝜁 = 0.25) setup with coherence enhancement

We summarize the minimal relative errors in table 2.5. Comparing these numbers to table 2.4
leaves us with little reason to consider anisotropic flows, since only CEDOS has benefited from
the lateral restriction, for the rest of the experiments we will only consider 𝜁 = 1.

Table 2.5: Comparing minimal relative 𝐿1 and 𝐿2 errors for anisotropic (𝜁 = 0.25) methods.

2.6.4 Post-processing

Our experiments so far single outTVF as themost promisingmethod and in the following sections
we will endeavor to make optimal use of it.

In the cross sections we saw in figure 2.4 we already noticed that our method decreased contrast,
this is a deficiency we can improve in post-processing. We do this by simply rescaling the result
to [0, 1]. We compare the errors of TVF with and without post-processing in figure 2.10.

Figure 2.10: Relative errors for TVF (isotropic without coherence enhancement) with andwithout
rescale post-processing.
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Qualitatively this rescaling gives a predictable improvement as can be seen in figure 2.11.

Figure 2.11: Left invariant TVF without (left) and with (right) rescale post-processing at 𝑡 = 4.

We can conclude that this simple post-processing step is worth performing both from a quantita-
tive and qualitative perspective.

2.6.5 3-Stage TVFMethod

In section 2.6.2 we saw the detrimental effect noise had on gauge frame fitting which also af-
fected coherence enhancement, but there is no reason we should fit gauge frames at the start.
Combined with the efficacy of a post-processing step this leads us to propose the following three
stage method:

1. pre-smooth the orientation score using left invariant TVF,

2. fit gauge frames and smooth using gauge frame TVF with coherence enhancement,

3. rescale post-processing on the produced image.

Going by our previous experiments we select a pre-smoothing time 𝑡1 = 1 and call the subsequent
main smoothing time 𝑡2. The relative errors of this method are plotted in figure 2.12.

Figure 2.12: Relative errors of 3-stage TVF versus post-processed TVF.

While the minimal error is not improved by pre-smoothing, the range over which the error stays
low is quite wide compared to plain post-processed TVF. Additionally the rate of image degrada-
tion due to over-smoothing is again improved which is a desirably property since in practice we
will have to guess a good smoothing time.
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In figure 2.13 the reader can see the final result of this method at 𝑡 = 2.

Figure 2.13: Contrasting the final result of the 3-stage TVF method at 𝑡1 = 𝑡2 = 1 (right) with the
original noisy image (left).

(a) Collagen

(b) Mona Lisa

Figure 2.14: Contrasting the final result of the 3-stage TVF method at 𝑡1 = 𝑡2 = 1 (right) with the
source image (left) and the source image with added noise (center).
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Chapter 3

Machine Learning

Convolutional neural networks (CNNs) are a specialized kind of neural network that have been
very successfully employed in such imaging applications as segmentation[31, 32], which is the
application we will be looking at. In the context of image analysis segmentation means identify-
ing each pixel of the image as belonging to a particular class. For example, as we will be doing
with the DRIVE dataset, we can segment an image of the retina into 2 classes: blood vessels and
background.

The work in this chapter replicates andmakes some extensions to [9]. While most of the contents
will focus on describing the structure of group convolution networks and their performance we
will also take time to draw a connection between CNNs and PDEs.

3.1 Spatial Convolution Neural Network

We start off by giving a theoretical description of the conventional CNNs that are currently ubiq-
uitous in imaging applications. We will implement such a network to benchmark our proposed
enhancements against.

3.1.1 Layered Computation

As the name suggest CNNs rely on convolutions, which on ℝ2 are formulated as:

(𝑘 ∗ℝ2 𝑓)(x) ∶= ∫ℝ2
𝑘(x − y) 𝑓 (y) dy, (3.1)

with 𝑘, 𝑓 ∈ 𝐿2 (ℝ2), where we refer to 𝑓 as the image or input and 𝑘 as the kernel.

We can extends this idea tomultiple input and output channels (also called features in the context
of machine learning): suppose 𝑐𝑖𝑛, 𝑐𝑜𝑢𝑡 ∈ ℕ so that F𝑖𝑛 ∈ (𝐿2)

𝑐𝑖𝑛. Using a set of kernels of the form
K ∈ (𝐿2)

𝑐𝑖𝑛×𝑐𝑜𝑢𝑡 we compute:

𝐹 𝑜𝑢𝑡
𝑗 =

𝑐𝑖𝑛

∑
𝑖=1

𝐾𝑖,𝑗 ∗ 𝐹 𝑖𝑛
𝑖 (∀𝑗 ∈ [1, 𝑐𝑜𝑢𝑡]) , (3.2)

which yieldsF𝑜𝑢𝑡 ∈ (𝐿2)
𝑐𝑜𝑢𝑡. As a shorthand for this operationwe introduce the following operator.

Definition 3.1 (Network Convolution Operator). Given 𝑐1, 𝑐2 ∈ ℕ, F ∈ (𝐿2(ℝ2))
𝑐1 and K ∈

(𝐿2 (ℝ2))
𝑐1×𝑐2 we define:

CKF ∶=
(

𝑐1

∑
𝑖=1

𝐾𝑖,𝑗 ∗ 𝐹𝑖)

𝑐2

𝑗=1

.
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The second ingredient of a CNN is the activation function that sits between convolutions, there
is a myriad of options in choosing an activation function however in our experiments we only
employ one:

Definition 3.2 (Rectified Linear Unit (ReLU)). Let 𝑥 ∈ ℝ then we define:

𝜙(𝑥) ∶= max(0, 𝑥).

We will also use the activation function as an operator where we commit the following abuse of
notation:

(𝜙F) (⋅) ∶= (𝜙 (𝐹1(⋅)) , … , 𝜙 (𝐹𝑛(⋅))) .

Remark 3.3. The fact that a ReLU is not differentiable can be a problem, for the purpose of
analysis it can be approximated by the smooth function 𝜀 ⋅ log (1 + 𝑒𝑥/𝜀), which converges to
a ReLU when 𝜀 → 0.

A sequential 𝑁𝑙-layer segmentation CNN with 𝑁𝑐 classes can then be written symbolically as:

𝑓 𝑠𝑒𝑔 = argmax
𝑖∈{1,2,…,𝑁𝑐}

(𝜋𝑖 ∘ CK(𝑁𝑙) ∘ … ∘ 𝜙 ∘ CK(2) ∘ 𝜙 ∘ CK(1)) 𝑓 𝑖𝑛, (3.3)

where 𝜋𝑖 selects the 𝑖-th component, K(1) has to have 1 input channels and K(𝑁𝑙) has to have 𝑁𝑐
output channels, the result being 𝑓 𝑠𝑒𝑔 ∈ ℝ2 → {1, 2, … , 𝑁𝑐}.

While the number of input channels of the first layer is dictated by the provided input and the
number of output channels of the last layer is dictated by the classification problem, the number
of intermediate channels or features can be freely chosen. We denote these parameters as 𝑁 (𝑙)

for 𝑙 ∈ {1, … , 𝑁𝑙 − 1} so that the set of kernels of layer 𝑙 is shaped as:

K(𝑙) ∈ (𝐿2 (ℝ2))
𝑁 (𝑙−1)×𝑁 (𝑙)

, (3.4)

where 𝑁 (0) = 1 and 𝑁 (𝑁𝑙) = 𝑁𝑐.

If we name the input of the network F(0) then the intermediate output of each layer is given as :

F(𝑙) = (𝜙 ∘ CK(𝑙))F(𝑙−1), (3.5)

which implies F(𝑙) ∈ (𝐿2 (ℝ2))
𝑁 (𝑙)

.

3.1.2 Loss & Optimization

The final ingredient needed to construct a neural network is a loss function to compare actual
output against desired output. We do not want to compare the final output given by (3.3) since
argmax is not differentiable. Again there is a large amount of choice here but we will use softmax
cross-entropy[33], a common choice for training classification networks and readily differentiable.

This loss function starts from the output of the last layer F(𝑁𝑙) whose components (recall F(𝑁𝑙) ∈
(𝐿2 (ℝ2))

𝑁𝑐) assigns to each point, for each category, a score (in ℝ commonly called logits) indi-
cating the likelihood of that point belonging to that category. We can turn these into a pointwise
probability distribution with the softmax function:

𝑝𝑖(x) ∶= 𝑒𝐹 (𝑁𝑐)
𝑖 (x)

∑𝑁𝑐
𝑗=1 𝑒𝐹 (𝑁𝑐)

𝑗 (x)
𝑖 ∈ {1, 2, … , 𝑁𝑐} . (3.6)

Notice that for all x that ∑𝑁𝑐
𝑖=1 𝑝𝑖(x) = 1 and 𝑝𝑖(x) ≥ 0, so (𝑝𝑖)

𝑁𝑐
𝑖=1 is a proper discrete probability

distribution at every point.
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Remark 3.4. Since the softmax function is strictly monotone we can write

𝑓 𝑠𝑒𝑔 = argmax
𝑖∈{1,2,…,𝑁𝑐}

𝑝𝑖,

which would be identical to (3.3).
Given a ground-truth segmentation 𝑓 ∗ ∶ ℝ2 → {1, 2, … , 𝑁𝑐}we can associatewith it the following
trivial pointwise probability distribution to compare with:

𝑞𝑖(x) ∶= 1{𝑓 ∗(x) = 𝑖} , (3.7)

which is a probability distribution since for all x we have 𝑞𝑖(x) ≥ 0 and ∑𝑁𝑐
𝑖=1 𝑞𝑖(x) = 1.

To measure the difference between these two distributions we use cross-entropy (also called rel-
ative entropy see [34, Ch. 2.3]):

𝐻(𝑞(x), 𝑝(x)) ∶= −
𝑁𝑐

∑
𝑖=1

𝑞𝑖(x) log 𝑝𝑖(x), (3.8)

which can be simplified since the target distribution 𝑞(x) is given as (3.7):

𝐻(𝑞(x), 𝑝(x)) = − log 𝑝𝑓 ∗(x)(x), (3.9)

which gives us a pointwise loss that we can turn into a global loss function by integration.

Definition 3.5 (Softmax Cross-entropy Loss). Given an input image 𝑓 ∈ 𝐿2(Ω𝑓) and ground-
truth segmentation 𝑓 ∗ ∶ Ω𝑓 → {1, 2, … , 𝑁𝑐} the softmax cross-entropy loss of the network is
given as:

ℓ𝑠𝑐𝑒(𝑓 , 𝑓 ∗) ∶= − ∫Ω𝑓

log 𝑝𝑓 ∗(x)(x) dx,

where 𝑝𝑖 is calculated as the softmax over the output of the last layer of the network acting on
𝑓 per (3.6).

If we took any probability distribution 𝑝𝑖(x) the integral above can diverge but with 𝑝𝑖(x) given by
(3.6) and 𝐹 (𝑁𝑐)

𝑖 ≥ 0 due to the ReLU we have:

1 ≥ 𝑝𝑖(x) ≥ 1

∑𝑁𝑐
𝑗=1 𝑒𝐹 (𝑁𝑐)

𝑗 (x)
> 0 (a.e.). (3.10)

Combining this with the fact that in practice the domain Ω𝑓 will be boundedmeans that the inte-
gral converges.

Nowwecan formulate our optimizationproblem. Givena training set of input images andground-
truth segmentations (𝑓𝑖, 𝑓 ∗

𝑖 )
𝑁𝑡𝑟𝑎𝑖𝑛
𝑖=1 our goal is to choose the set of all kernels of our network K

(assume we have 𝑁𝐾 individual kernels) in such a way that the average loss over the training set
is minimized, or formally:

K∗ ∶= argmin
K∈(𝐿2)

𝑁𝐾

1
𝑁𝑡𝑟𝑎𝑖𝑛

𝑁𝑡𝑟𝑎𝑖𝑛

∑
𝑖=1

ℓ𝑠𝑐𝑒 (𝑓𝑖, 𝑓 ∗
𝑖 ) . (3.11)

Obviously this problem is not generally amenable to analytic solutions and we will have to turn
to numerical approximations, details on this subject are beyond the scope of this report and we
refer to [35] for details.

Convolutions being translation equivariant (as in it does not matter whether we translate the in-
put function and then convolve or convolve and then translate the output, the result is the same)
causes the CNN to also be translation equivariant, but it is not by itself rotation equivariant, while
the segmentation problem is. Current practice is to train the network with the same images ro-
tated at different angles to gain a form of trained rotation equivariance, this is less than optimal
and we will see about making rotation equivariance a feature of the network itself.

46



3.2 Designed Equivariance

First of all we will make precise what we mean by equivariance in our context. Recall the defini-
tions of the left regular representations U𝑔 in def. 1.19 and L𝑔 in def. 1.18.

Definition 3.6 (Roto-translation equivariance).

(a) Let X be an operator from a function space on ℝ2 to a function space on ℝ2, then it is
roto-translation equivariant if:

U𝑔 ∘ X = X ∘ U𝑔 ∀𝑔 ∈ 𝕄2.

(b) Let Y be an operator from a function space on ℝ2 to a function space on 𝕄2, then it is
roto-translation equivariant if:

L𝑔 ∘ Y = Y ∘ U𝑔 ∀𝑔 ∈ 𝕄2.

(c) Let Z be an operator from a function space on 𝕄2 to a function space on ℝ2, then it is
roto-translation equivariant if:

U𝑔 ∘ Z = Z ∘ L𝑔 ∀𝑔 ∈ 𝕄2.

Remark that the orientation score transform obeys (b), per corollary 1.53.

Two variants of this definition that are also worth mentioning are:

• translation equivariance: in that case we only require that the equalities in the above defi-
nition hold only for all 𝑔 in the translation subgroup of 𝕄2,

• roto-translation invariance: in the case of a classification problem we require the output to
stay the same if the input roto-translates, i.e. if X is a classification of a function space on
ℝ2 we require X = X ∘ U𝑔 for all 𝑔 ∈ 𝕄2 and we call this property invariance rather then
equivariance .

Given that spatial CNNs are structurally translation invariant/equivariant we wonder if we can
structure a network in such a way as to have more complicated equivariances such as roto-
translation equivariance. The fact that activation functions are applied point-wise makes them
invariant to any sort of domain transformation, so we need to focus on the linear operators in
between.

Abstractly let us model the linear part of the layer by a bounded linear operator 𝐾 ∶ 𝐿2(𝑋) →
𝐿2(𝑌 ) for some manifolds 𝑋 and 𝑌 and lets us choose a group 𝐺 ,that can act transitively on both
the input domain𝑋 andoutput domain 𝑌, whichwewant𝐾 to be equivariantwith respect to. More
precisely if 𝐴 and 𝐵 are left-regular representations of G on 𝑋 resp. 𝑌 then wewant 𝐾 ∘𝐴𝑔 = 𝐵𝑔 ∘𝐾
for all 𝑔 ∈ 𝐺.

The following theorem summarizes classical results on equivariant linear bounded operators
from the field of harmonic analysis, which we here place in the context of machine learning via
equivariant neural networks. Taking on a slightly different viewpoint, similar results are also
discussed in detail in the context of deep learning in recent works [36, 37].

Theorem 3.7. Let 𝑋 and 𝑌 be manifolds on which the Lie group 𝐺 acts transitively. Let 𝜇𝑋 and 𝜇𝑌 be
Radon measures on 𝑋 resp. 𝑌 such that 𝜇𝑋 is invariant under group action:

∀𝑔 ∈ 𝐺, 𝑥 ∈ 𝑋 ∶ d𝜇𝑋(𝑔 ⊙ 𝑥) = d𝜇𝑋(𝑥).

Let 𝐾 ∶ 𝐿2(𝑋, d𝜇𝑋) → 𝐿2(𝑌 , d𝜇𝑌) be a bounded linear operator such that sup‖𝑓‖=1 ‖𝐾𝑓‖𝐿∞ < ∞.
Finally let 𝐴 and 𝐵 be linear left-regular representations of 𝐺 on 𝑋 resp. 𝑌 such that 𝐾 ∘ 𝐴𝑔 = 𝐵𝑔 ∘ 𝐾 then
the following hold for all 𝑓 ∈ 𝐿2(𝑋).
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1. 𝐾 is a linear integral operator with unique kernel 𝑘:

∃!𝑘 ∈ 𝐿1(𝑌 × 𝑋, d𝜇𝑋 × d𝜇𝑌) ∶ (𝐾𝑓) (𝑦) = ∫𝑋
𝑘(𝑦, 𝑥) 𝑓(𝑥) d𝜇𝑋(𝑥) (∀𝑦 ∈ 𝑌) .

2. After choosing a reference point 𝑦0 ∈ 𝑌 (so that ∀𝑦 ∈ 𝑌 ∃𝑔𝑦 ∈ 𝐺 such that 𝑦 = 𝑔𝑦 ⊙ 𝑦0) 𝐾 is a
convolution operator almost everywhere on 𝑌:

∃!𝑘0 ∈ 𝐿1(𝑋, d𝜇𝑋) ∶ (𝐾𝑓) (𝑦) = ∫𝑋
𝑘0(𝑔−1

𝑦 ⊙ 𝑥) 𝑓(𝑥) d𝜇𝑋(𝑥) (almost everywhere in 𝑌) .

3. Moreover this 𝑘0 must be invariant with respect to the stabilizer (in 𝐺) of the reference point 𝑦0:

∀ℎ ∈ Stab𝐺(𝑦0) ∶ 𝑘0(𝑥) = 𝑘0(ℎ ⊙ 𝑥).

Proof.
Given that sup‖𝑓‖=1 ‖𝐾𝑓‖𝐿∞ < ∞ it follows that 𝐾 is a bounded operator from 𝐿2 (𝑋, d𝜇𝑋) to
𝐿∞ (𝑌 , d𝜇𝑌) and so an integral operator[38, Thm. 1.3], which proves the first claim.

Next, assuming 𝐾 ∘ 𝐴𝑔 = 𝐵𝑔 ∘ 𝐾 for all 𝑔 ∈ 𝐺 we continue for all 𝑓 ∈ 𝐿2 (𝑋, d𝜇𝑋),

(𝐾 ∘ 𝐴𝑔) (𝑓) = (𝐵𝑔 ∘ 𝐾) (𝑓)

⟺ ∫𝑋
𝑘(𝑦, 𝑥) 𝑓(𝑔−1 ⊙ 𝑥) d𝜇𝑋(𝑥) = ∫𝑋

𝑘(𝑔−1 ⊙ 𝑦, 𝑥) 𝑓(𝑥) d𝜇𝑋(𝑥)

(change of variables on the left 𝑥′ = 𝑔−1 ⊙ 𝑥)

⟺ ∫𝑋
𝑘(𝑦, 𝑔 ⊙ 𝑥′) 𝑓 (𝑥′) d𝜇𝑋(𝑔 ⊙ 𝑥′) = ∫𝑋

𝑘(𝑔−1 ⊙ 𝑦, 𝑥) 𝑓(𝑥) d𝜇𝑋(𝑥)

(invariance of the measure d𝜇𝑋)

⟺ ∫𝑋
𝑘(𝑦, 𝑔 ⊙ 𝑥′) 𝑓 (𝑥′) d𝜇𝑋(𝑥′) = ∫𝑋

𝑘(𝑔−1 ⊙ 𝑦, 𝑥) 𝑓(𝑥) d𝜇𝑋(𝑥)

⟺ 𝑘 (𝑦, 𝑔 ⊙ 𝑥) = 𝑘 (𝑔−1 ⊙ 𝑦, 𝑥) (a.e. for all (𝑥, 𝑦) ∈ 𝑋 × 𝑌)
⟺ 𝑘 (𝑔 ⊙ 𝑦, 𝑔 ⊙ 𝑥) = 𝑘 (𝑦, 𝑥) (a.e. for all (𝑥, 𝑦) ∈ 𝑋 × 𝑌).

Now using that for all 𝑦 ∈ 𝑌 we can find a 𝑔𝑦 ∈ 𝐺 so that 𝑦 = 𝑔𝑦 ⊙ 𝑦0 we find:

𝑘(𝑦, 𝑥) = 𝑘(𝑔𝑦 ⊙ 𝑦0, 𝑥) = 𝑘(𝑦0, 𝑔−1
𝑦 ⊙ 𝑥).

So when we define 𝑘0(𝑥) ∶= 𝑘(𝑦0, 𝑥) we can write:

𝑘(𝑦, 𝑥) = 𝑘0(𝑔−1
𝑦 ⊙ 𝑥),

which proves the second claim.

Finally if we take ℎ ∈ Stab𝐺(𝑦0) we fill in:

𝑘0(ℎ ⊙ 𝑥) = 𝑘(𝑦0, ℎ ⊙ 𝑥) = 𝑘(ℎ−1 ⊙ 𝑦0, 𝑥) = 𝑘(𝑦0, 𝑥) = 𝑘0(𝑥),

which proves the last claim. �

Now that we understand the structure of the linear operations in general we can see what this
translates to1 for two-dimensional networks that we want to make roto-translation equivariant.
The natural domain for such operations is 𝕄2 but the input and outputs live on ℝ2, so we need
three types of layers, first a lifting layer from ℝ2 to 𝕄2 then a series of layers from 𝕄2 to 𝕄2 and
finishing with a projection layer from 𝕄2 back to ℝ2. Applying theorem 3.7 we find the following
result.

1Pun not intended.
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Corollary 3.8.
A CNN consisting of the following layers is roto-translation equivariant.

(a) A lifting layer where 𝑋 = ℝ2, 𝑌 = 𝕄2, 𝑦0 = (0, 0), 𝑔𝑦 = (x, 𝜃) and 𝑘0 ∈ 𝐿2(ℝ2) so that the output
needs to be calculated from an input 𝑓 ∈ 𝐿2(ℝ2) as:

(x, 𝜃) ↦ ∫ℝ2
𝑘0(𝑅−1

𝜃 (x − x′))𝑓 (x′) dx′.

(b) Convolutions layers where 𝑋 = 𝑌 = 𝕄2, 𝑦0 = (0, 0), 𝑔𝑦 = (x, 0) and 𝑘0 ∈ 𝐿2(𝕄2) so that from an
input 𝐹 ∈ 𝐿2(𝕄𝟚) the output needs to be calculated as:

(x, 𝜃) ↦ ∫ℝ2 ∫(−𝜋,𝜋)
𝑘0 (𝑅−1

𝜃′ (x − x′), 𝜃 − 𝜃′) 𝐹 (x′, 𝜃′) d𝜃′ dx′.

(c) A projection layer where 𝑋 = 𝕄2, 𝑌 = ℝ2, 𝑦0 = 0, 𝑔𝑦 = (x, 0) and 𝑘0 ∈ 𝐿2(𝕄2) so that from an
input 𝐹 ∈ 𝐿2(𝕄2) the output needs to be calculated as:

x ↦ ∫ℝ2 ∫(−𝜋,𝜋)
𝑘0 (𝑅−1

𝜃′ (x − x′), −𝜃′) 𝐹 (x′, 𝜃′) d𝜃′ dx′,

and, while this was trivial in the two previous cases since the only stabilizer was the identity, we
now have an additional constraint on our kernel:

𝑘0 (𝑅𝜃x, 𝜃) = 𝑘0(x, 0).

Using this theoretical result we can redesign our network.

3.3 Group Convolution Neural Network

Nowwe apply the results of corollary 3.8 to the multi feature design of our spatial CNN to make a
comparable network that is roto-translation invariant from the start.

3.3.1 Lifting

The first layer of the network has a kernel set of the form K(1) ∈ 𝐿2 (ℝ2)
𝑁 (1)

which, when we let
𝑔 = (x, n) ∈ 𝕄2, is used to compute the output of the layer as:

𝐹 (1)
𝑖 (𝑔) = ((Rn𝐾 (1)

𝑖 ) ∗ℝ2 𝑓) (x) = (U𝑔𝐾 (𝑙)
𝑖 , 𝑓)𝐿2(ℝ2)

, (3.12)

with (Rn𝑓) (y) ∶= 𝑓 (𝑅−1
n y) the rotation operator associated with n. Consequently F(1) ∈

(𝐿2 (𝕄2))
𝑁 (1)

.
Remark 3.9. An alternative approach here would be to use the orientation score transform
itself as the first fixed function layer of the network and start the actual trainable part of the
network on the orientation score itself. We set aside this idea for now and proceed with a
multi-feature trainable lifting layer.

Symbolically we will represent this layer by the lifting operator C↑.

Definition 3.10 (Lifting Operator). Given 𝑓 ∈ 𝐿2 (ℝ2) and a kernel set K ∈ (𝐿2 (ℝ2))
𝑁 then the

lifting operator is defined as:

(C
↑
K𝑓) (x) ∶= (∫ℝ2

𝐾𝑖 (𝑅−1
n (x − y)) 𝑓(y) dy)

𝑁

𝑖=1
.

Now that we have feature maps that live on 𝕄2 we can generalize the convolution layer.
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3.3.2 Group Convolution

In general we can define convolution on groups as follows.

Definition 3.11 (Group Convolution). Given a Lie group 𝐺 and 𝐾, 𝐹 ∈ 𝐿2(𝐺), then the convolu-
tion of 𝐾 and 𝐹 is given by:

𝐾 ∗𝐺 𝐹 (𝑔) ∶= ∫𝐺
𝐾 (ℎ−1 ⊙ 𝑔) 𝐹 (ℎ) d𝜇(ℎ),

where 𝜇 ∶ 𝐺 → ℝ+ is the left-invariant Haar measure.

For brevity we will write dℎ ∶= d𝜇(ℎ) and we normalize the Haar measure such that when we
switch to the helical atlas we can write dℎ = d𝑥 d𝑦 d𝜃 as we will do below. Also note that the Haar
is exactly that measure which satisfies the group invariance required by theorem 3.7 .

Remark 3.12. Observe that spatial convolution as in (3.1) is a special case of group convolution
using the 2-dimensional translation group.

In the case of SE(2) and using the helical atlas from definition 1.7 this becomes:

𝐾 ∗𝕄2
𝐹 (x, 𝜃) = ∫ℝ2 ∫(−𝜋,𝜋)

𝐾 ((x′, 𝜃′)
−1 ⊙ (x, 𝜃)) 𝐹 (x′, 𝜃′) d𝜃′ dx′

= ∫ℝ2 ∫(−𝜋,𝜋)
𝐾 (𝑅−1

𝜃′ (x − x′) , 𝜃 − 𝜃′) 𝐹 (x′, 𝜃′) d𝜃′ dx′. (3.13)

Note how the appearance of the rotation 𝑅−1
𝜃′ makes this operation distinct from convolution on

ℝ3, as the kernel not only translates over the function 𝐹 but rotates at the same time as it moves
along the orientation axis, this difference in kernel behavior is illustrated in figure 3.1. We also
refer to this motion as a shift-twist: the kernel twists while it shifts over 𝜃.

(a) Spatial convolution in ℝ3. (b) Group convolution in 𝕄2

Figure 3.1: Comparing kernel traversal in ℝ3 versus 𝕄2.

Now we can generalize out networks convolution layer to work on 𝕄2.

Definition 3.13 (Network Group Convolution Operator). Given 𝑐1, 𝑐2 ∈ ℕ, F ∈ (𝐿2(𝕄2))
𝑐1 and

K ∈ (𝐿2 (𝕄2))
𝑐1×𝑐2 we define:

CKF ∶=
(

𝑐1

∑
𝑖=1

𝐾𝑖,𝑗 ∗𝕄2
𝐹𝑖)

𝑐2

𝑗=1

.
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3.3.3 Projection

Eventually we will need to output a function on ℝ2, which we accomplish through a projection
layer. Some care needs to be taken in how we do this to ensure that we maintain the networks
equivariance, formally the projection operator C↓ needs to obey:

C↓ ∘ L𝑔 = U𝑔 ∘ C↓, (3.14)

similar to the requirement in part (c) of corollary 3.8 and also corollary 1.53.

We saw in corollary 3.8 how we need to accomplish this for bounded linear operators. Instead
of going that route we will be using a non-linear unbounded projection related to the dilation
morphological filter. The reason for this is twofold:

1. it is a generalization of the projection layer successfully used in [9],

2. it is the first experiment with the larger idea of basing CNN design on PDEs (see appendix
A for an overview of this idea).

We will not go into morphological operations in general in this report but develop this specific
operation in isolation so that this report is self-contained.

We will first be looking at straightforward maximum projection.

Definition 3.14 (Maximum Projection). Let F ∈ (𝐿∞ (𝕄2))
𝑁 be a set of feature maps, then we

define:

(C
↓
maxF) (x) ∶= ( max

𝜃∈(−𝜋,𝜋)
𝐹𝑖(x, 𝜃))

𝑁

𝑖=1
.

Quite clearly maximum projection satisfies (3.14).

For our second option we can generalizemaximumprojection by considering the followingmap:

x ↦ max
𝜃′∈(−𝜋,𝜋)
x′∈ℝ2

𝐾(x − x′, 𝜃′) + 𝐹 (x′, 𝜃′) . (3.15)

Where we let 𝐾 ∶ 𝕄2 → (−∞, 0]. Observe how plain maximum projection is recovered by choos-
ing

𝐾 (x, 𝜃) =
{

0 if x = 0,
−∞ else.

(3.16)

The fact that the last expression does not depend on 𝜃 gives us a clue about the restrictions we
need to place on our choice of 𝐾 to satisfy equivariance, which we examine by expanding both
sides of (3.14). Let 𝑔 = (x𝑔, 𝜃𝑔), then on the right-hand side:

(U𝑔 ∘ C↓𝐹) (x) = max
𝜃′∈(−𝜋,𝜋)
x′∈ℝ2

𝐾 (𝑅−1
𝜃𝑔 (x − x𝑔) − x′, 𝜃′

) + 𝐹 (x′, 𝜃′) , (3.17)

and on the left-hand side:

(C↓ ∘ L𝑔𝐹) (x) = max
𝜃″∈(−𝜋,𝜋)
x″∈ℝ2

𝐾 (x − x″, 𝜃″) + (L𝑔𝐹) (x″, 𝜃″)

= max
𝜃″∈(−𝜋,𝜋)
x″∈ℝ2

𝐾 (x − x″, 𝜃″) + 𝐹 (𝑅−1
𝜃𝑔 (x″ − x𝑔) , 𝜃″ − 𝜃𝑔)

(change of variables x′ = 𝑅−1
𝜃𝑔 (x″ − x𝑔) and 𝜃′ = 𝜃″ − 𝜃𝑔)

= max
𝜃′∈(−𝜋,𝜋)
x′∈ℝ2

𝐾 (x − x𝑔 − 𝑅𝜃𝑔
x′, 𝜃′ + 𝜃𝑔) + 𝐹 (x′, 𝜃′) . (3.18)
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A sufficient condition to ensure (3.17) equals (3.18) is:

𝐾 (𝑅−1
𝜃𝑔 (x − x𝑔) − x′, 𝜃′

) = 𝐾 (x − x𝑔 − 𝑅𝜃𝑔
x′, 𝜃′ + 𝜃𝑔) ,

or after the change of variables y = 𝑅−1
𝜃𝑔 (x − x𝑔) − x′ and setting 𝜃′ = 0 this simplifies to:

𝐾 (y, 0) = 𝐾 (𝑅𝜃𝑔
y, 𝜃𝑔) . (3.19)

Meaning that at each orientation layer the kernel 𝐾 has to be a rotated version of itself at the ref-
erence orientation layer, and hence it suffices to specify 𝐾 as a 2-dimensional function in order to
fully specify an equivariant projection. We formalize this construction in the following definition.

Definition 3.15 (Dilated Projection). Let F ∈ (𝐿∞ (𝕄2))
𝑁 be a set of feature maps and K ∈

(ℝ2 → (−∞, 0])
𝑁 a set of planar kernels, then we define:

(C
↓
KF) (x) ∶=

⎛
⎜
⎜
⎝
max

𝜃∈(−𝜋,𝜋)
y∈ℝ2

𝐾𝑖 (𝑅−1
𝜃 (x − y)) + 𝐹𝑖 (y, 𝜃)

⎞
⎟
⎟
⎠

𝑁

𝑖=1

.

The following theorem about dilated projection ties it into morphological projection and so into
the PDE interpretation of appendix A. However for a numerical implementation it is considerably
more efficient to fuse these two operations, which is why we present them as such.

Theorem3.16 (Dilation/Projection Concatenation). The dilated projection operatorC↓
K is the concate-

nation of a left-invariant dilation on the group followed by themaximumprojection over the orientations.

Proof. Consider the maximum projection over the dilation with kernel 𝐾:

max
𝜃∈(−𝜋,𝜋) (𝐾 �𝕄2

𝐹) (x, 𝜃) = max
𝜃∈(−𝜋,𝜋)

⎛
⎜
⎜
⎝

max
𝜃′∈(−𝜋,𝜋)
x′∈ℝ2

𝐾 (𝑅−1
𝜃′ (x − x′) , 𝜃 − 𝜃′) + 𝐹 (x′, 𝜃′)

⎞
⎟
⎟
⎠

= max
𝜃′∈(−𝜋,𝜋)
x′∈ℝ2

( max
𝜃∈(−𝜋,𝜋)

𝐾 (𝑅−1
𝜃′ (x − x′) , 𝜃 − 𝜃′)) + 𝐹 (x′, 𝜃′)

= max
𝜃′∈(−𝜋,𝜋)
x′∈ℝ2

( max
𝜃∈(−𝜋,𝜋)

𝐾 (𝑅−1
𝜃′ (x − x′) , 𝜃)) + 𝐹 (x′, 𝜃′) ,

now take 𝐾(x) ∶= max𝜃′∈(−𝜋,𝜋) 𝐾 (x, 𝜃′) which we subsitute:

= max
𝜃′∈(−𝜋,𝜋)
x′∈ℝ2

{𝐾 (𝑅−1
𝜃′ (x − x′)) + 𝐹 (x′, 𝜃′)} .

�

Remark 3.17. In the proof above in the special case where 𝐾 is binary (i.e., 𝐾 ∶ 𝕄2 → {−∞, 0})
with 0 on a sub-group 𝐻 ⊂ 𝕄2 and −∞ otherwise, this morphological convolution �𝕄2

coin-
cides with the definition of (left-)coset pooling in G-CNNs given in [12].

The previous derivations also prove the following statement.

Proposition 3.18. The dilated projection operator C↓
K is equivariant with roto-translations, i.e.

C
↓
K ∘ L𝑔 = U𝑔 ∘ C↓

K.
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Now we have a choice in how we wish to specify these projection kernels. One option is leaving
them trainable and letting the optimizer worry about them as we did with the lifting layer. The
second option is specifying a fixed kernel of our own design. For this report we will be taking the
second route and develop an anisotropic projection layer.

The idea behind anisotropic projection is that for a given orientationwemightwant to probemore
for a maximum along that orientation longitudinally then laterally. We can do this by equipping
ℝ2 with the following anisotropic norm:

Definition 3.19. Let x ∈ ℝ2 then:

‖x‖2
𝜁 ∶= √𝑥2

1 + 𝜁−2𝑥2
2.

Which we can then use to specify the kernel 𝐾 of a dilated projection as:

𝐾(x) = −𝜆 ‖x‖𝑝
𝜁 . (3.20)

Where 𝜆 > 0 is used to scale the kernel and 𝑝 specifies the sharpness.
Remark 3.20. This anisotropic normworkswell because it is a good local approximation of the
max projection of the group distance 𝑑G𝜁

((x, 𝜃)) which we saw and approximated in section
1.1.7. After we set 𝐷𝑆 = 1 we obtain:

max
𝜃∈(−𝜋,𝜋)

𝑐1(𝑥, 𝑦, 𝜃)2 +
𝑐2(𝑥, 𝑦, 𝜃)2

𝜁2 + 𝜃2

𝐷𝐴
= 𝑥2 +

𝑦2

𝜁2 − (1 − 𝜁2)
2

𝜁
𝑥2𝑦2

𝑥2 + 𝜁2𝑦2 + 4 𝜁2

𝐷2
𝐴

. (3.21)

For our application due to the use of batch-normalization and a ReLU the data is constrained
in [0, 1] meaning the shape of the projection kernel past the value of −1 (i.e. close to the origin
for an appropriate choice of 𝜆) has no effect andour anisotropic norm is a good estimatewhere
it matters. We can see that if 𝑥2 + 𝑦2 ≤ 1 that the last term above can be bounded:

|
|
|
||

(1 − 𝜁2)
2

𝜁
𝑥2𝑦2

𝑥2 + 𝜁2𝑦2 + 4 𝜁2

𝐷2
𝐴

|
|
|
||

≤
(1 − 𝜁2)2𝐷2

𝐴

4𝜁4 .

This approximation holds for sufficiently large 𝜁 and sufficiently small 𝐷𝐴, in our network we
use 𝜁 = 1/2 and 𝐷𝐴 = 1/10 for which the approximation is off by at most 9/400.
Figure 3.2 compares several estimates around the origin, after sampling on a small grid there
is not much difference between various types of approximations.

The contours of the mapping (x, 𝜃) ↦ 𝐾 (𝑅−1
𝜃 x) then take on the appearance of cylinders that are

first flattened (by 𝜁 < 1) and then twisted (by 𝑅−1
𝜃 ), as can be seen in figure 3.3.

In the discrete setting we specify the kernel on a fixed 𝑁𝑠 × 𝑁𝑠 × 𝑁𝜃 grid as follows:

𝐾𝑖,𝑗,𝑘 = − 1
𝑁𝑠 ‖((𝑖 −

𝑁𝑠 + 1
2 ) Δ𝑥, (𝑗 −

𝑁𝑠 + 1
2 ) Δ𝑦, 𝑘Δ𝜃)‖

𝑝

𝜁
. (3.22)

The specific kernel we used in our experiment is visualized in figure 3.4.

Figure 3.4: 5×5 discrete anisotropic projection kernel for 𝜆 = 1/5, 𝜁 = 1/2 and 𝑝 = 4 on 8 orientations.
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Figure 3.2: Exact projected norm (via numerical solution of the Eikonal PDE, see [39]) versus
various approximations (Log norm via (3.21) and anisotropic norm via definition 3.19) both for
the continuous case and a 7 × 7 sampling on [−1, 1]2.

Figure 3.3: Anisotropic projection kernel for 𝜁 = 1/2 and 𝑝 = 1.

Remark 3.21. This projection relates to the morphological PDE of the type 𝑢𝑡 = ‖∇𝑢‖𝛼
G𝜁

where
the solution is obtained by the dilation of the initial condition with the following kernel:

𝑘𝑡 (𝑔) = − (
2𝛼 − 1

2𝛼 ) 𝑡− 1
2𝛼−1 ‖𝑔‖

2𝛼
2𝛼−1
G𝜁

. (3.23)

Our 𝑝 = 4 translates to 𝛼 = 2/3 in this formulation. This is one of the links between PDEs and
CNNs we aims to explore in future work. See appendix A for more.
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3.4 DRIVE Segmentation

We will be benchmarking our networks on the DRIVE dataset [40]. This public database contains
images of the retina and is often used to test blood vessel segmentation algorithms on.

3.4.1 Networks

We will test three CNNs:

1. a spatial network,

2. a group convolution network with maximum projection,

3. a group convolution network with dilated projection.

The architecture of these networks is specified in figure 3.5, for fairness we ensured they have
almost the same amount of parameters. Both group convolution network have 8 orientations,
hence why we refer to them as SE(2,8) networks.

The retinal images are split into 128 × 128 patches and fed into the network in batches of 16. We
train each network for 10 epochs with a momentum optimizer with the loss function consisting
of the softmax cross-entropy per definition 3.5 plus an 𝐿2 penalty over all trainable coefficients.
Additionally batch-normalization [41] is used after every convolution layer.

3.4.2 Results

For a quantitative performance comparison we use two metrics: the loss function and the area
under the ROC curve [42] (AUC for short). See figure 3.6 for a comparison of the three networks we
proposed.

Figure 3.6: AUC (left) and loss function (right) performance comparison, per network we train 15
realizations to 10 epochs and then take the average loss and AUC over 8 validation images (that
the network was not trained on).

Observe that while the group networkwith anisotropic projection yields the best results, themax-
imum projection network is more stable.

For a qualitative comparison we look at the produced segmentation on a test image (that was not
trained on) and compare it with the human segmentation with a differencemap, these are shown
in figure 3.8 with a false classification summary in table 3.1. The test image alongside the human
segmentation is shown in figure 3.7.
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Figure 3.5: Segmentation network architectures.

Model False positives False negatives
ℤ2 7.22% 0.62%

SE(2,8) with max projection 5.87% 0.62%
SE(2,8) with anisotropic projection 5.79% 0.50%

Table 3.1: False classifications ratios.

All three networks display the following three deficiencies.

1. The right edge of the optical disk is identified as vein.
2. The smallest vessels are not or poorly segmented.
3. Vessels are drawn consistently too bold.

They are distinctivemainly in the amount of “spotting”, this is quite pronounced in the case of the
spatial network, the first group projection network reduces this significantly and the anisotropic
projection networks cleans up even more, particularly around the edges.
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Figure 3.7: Source retinal image (left) with the human produced segmentation (right).

The difference maps suggest a two-fold improvement: longitudinal diffusion/dilation (to extend
into the small vessels) and lateral erosion (to reduce the vessels width and sharpen the traces),
we leave these ideas for future work.
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(a) ℤ2 CNN

(b) SE(2,8) CNN with maximum projection

(c) SE(2,8) CNN with anisotropic projection

Figure 3.8: Output of thenetworks on the leftwith differencemapversus thehuman segmentation
on the right (blue indicates false positive, red false negative).

58



Appendix A

PDE Guided CNN Design

Consider the following evolution PDE on the 𝑑-dimensional space of positions and orientations
𝕄𝑑 equipped with metrics 𝐺1/2/3 (which need not be distinct).

convection fract. diffusion dilation/erosion
⎧⎪
⎨
⎪⎩

𝜕𝑊
𝜕𝑡 (𝑝, 𝑡) = −c ⋅ ∇𝐺1

𝑊 (𝑝, 𝑡) + |Δ𝐺2
|𝛼 𝑊 (𝑝, 𝑡) ± ‖∇𝐺3

𝑊 (𝑝, 𝑡)‖2𝛼, for 𝑝 ∈ 𝕄𝑑, 𝑡 ≥ 0,

𝑊 (𝑝, 0) = 𝑈(𝑝), for 𝑝 ∈ 𝕄𝑑.

(A.1)

As the labels indicate, the three terms have three distinct effects on the solution: convection,
diffusion (fractional or not), and dilation/erosion (depending on the sign). We can apply operator
splitting here to look at the convection+diffusion term separately from the morphological term.

The solution to the convection and diffusion part can then be obtained by the convolution of the
initial orientation score 𝑈 with a kernel

𝑊 (𝑝, 𝑡) = (𝐾𝐺2,𝑐,𝛼
𝑡 ∗𝕄2

𝑈)(𝑝), (A.2)

where exact kernels 𝐾𝐺2,𝑐,𝛼
𝑡 have recently been derived (with more tangible approximations) in

[2, 43], also generalized to 𝕄3 and 𝛼 > 0 in [44], again with tangible approximations [45].

The viscosity solution to themorphological part is obtained by the dilation or erosion of the initial
conditionwith amorphological kernel. For the + variant (i.e. dilations) in (A.1)without convection
and fractional diffusion we get

𝑊 (𝑝, 𝑡) = (𝑘𝑡�𝑈)(𝑝) = sup
ℎ∈𝑆𝐸(2)

{𝑘𝑡(ℎ−1𝑝) + 𝑈(ℎ)} , (A.3)

with a negative dilation kernel 𝑘𝑡(𝑝) which for 𝛼 = 1
2 is given by

𝑘𝑡(𝑝) = {
0 if 𝑑𝐺3

(𝑝, 𝑒) ≤ 𝑡,
−∞ else, (A.4)

where 𝑑𝐺3
denotes the Riemannian distance by metric tensor field 𝐺3.

Interestingly we may approximate 𝑘𝑡 by

𝑘approx
𝑡 (𝑝) = {

0 if ‖log 𝑔‖ ≤ 𝑡,
−∞ else, (A.5)

where ‖log 𝑔‖ denotes a logarithmic norm approximation similar to the one in section 1.1.7. See
[46, App. E].

We can then numerically approximate the solution by alternately applying the linear convolution
and morphological convolution for small time steps.
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This iterativemethod translates to neural networks by putting each operator in a layer. The train-
able parameters are then the transport vector c and the metrics 𝐺1/2/3. The benefit being that all
of these parameters are now left-invariant and geometrically meaningful PDE-coefficients.

The overall architecture of the network this necessitates is similar to theG-CNNwe saw inChapter
3 and it follows the same steps as the PDE based denoising methods from Chapter 2. Contrast the
PDE-G-CNN architecture in figure A.1 with the G-CNN architecture in figure 3.5 and the denoising
pipeline in figure 1.8.

The anisotropic projection networkwe experimentedwith in Chapter 3 was a first tentative test of
this idea as our anisotropic projection is a concatenation of a dilation and amaximum projection
(recall theorem 3.16). Considering that the results were positive indicates that this idea is worth
exploring. Moreover, in previous geometric image processing techniques [45, 47, 15, 48] the PDE
in (A.1) was beneficial over its counterparts acting only in the image domain.

Figure A.1: PDE-G-CNN network architecture.

As wementioned in the introduction this is a developing idea and there are some open questions,
we mention a few.

• How does the ReLU fit in vis-a-vis negative values? (co-domain transform?)
• How does (batch) normalization fit into the PDE?
• Can multiple layers (with presumably differently trained parameters) still be captured by a
single PDE or are we looking at a different PDE per layer?

– If the former: can some limiting argument be made in that case?
– If the later: are these PDEs still related to each other?

• How are multiple features dealt with?
– Additionally how are variable number of features per layer dealt with?

• Can more PDEs than (A.1) be considered or can we formulate an axiomatic approach that
forces us to use (A.1)?

• How to relate network depth to time evolution.
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