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Running projects

SEM image analysis Crack detection for Retinal vessel
for semiconductor automated bridge inspection segmentation & tracking
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Why geometry?

« Equivariance & invariance

ltransform

» »
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« Little available data
o Interpretability

ltransform

ltransform




PDE-based Group Equivariant CNNs (PDE-G-CNNs)
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Starting point: Group CNN

» neural network + translation equivariance = CNN
G =T(2) (translations in 2 dimensions)

» neural network + roto-translation equivariance = SE(2)-CNN
G = SE(2) (rotations and translation in 2 dimensions)

G can in principle be any group of transformations



Lift-Convolve-Project

lifting layer group convolution layers projection layer
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CNNis share similarities with PDE solvers

Heat equation Analytic solution CNN

If _ oo

ot i f f(t) = Gt*fO fout =0 (K*fin)
(0) = fy

Additive residual connection Forward Euler discretization
€T :
v z(t) = F(x(t))

module F is solved as

p
r+ F(x j

?:

x(t + At) = x(t) + At F(x(t))




Idea

Take a PDE from the image processing world and put it in a neural network

o = —cu—(=Ag,) u+ 3 lldullgs — 3 lldullg-
u(0) = ug

trainable: convection vector field ¢ & metrics G, Q;r N

hyper parameter 0 < v < 1,a > 1



Interpretation
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The PDE generalizes to any homogeneous space

Transport Regularization
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inputs

PDE-based layer

Depthwise CNN layer:

SE(2) group convolutions
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PDE-based layer

PDE evolution
(" N\ N\ )
Clormmedsian Dilation Erosion
(resampling) (morphological (morphological
L ping y convolution) convolution)
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Morphological convolution

On R? for translation equivariance:

(kO f)(x) = sup k(z —y) + f(y)

yER2

o dilation: kLIf
e erosion: —(—kO — f)
o generalizes to the group setting



Morphological Group Convolution

DEFINITION 6.6 (Morphological convolution) Let G/H be a
homogeneous space of a Lie group G, f € L*(G/H) and let
k:G/H — R U {co} be proper (i.e. not everywhere o) then
we define the morphological convolution of f with kernel k as:

(kOg/m f)(p) == inf {(gp-k)(q)+ f(9)} (6.29)
geG/H

where g, € p is freely chosen for all p € G/H. For this expres-
sion to be well-defined we require that the kernel k satisfies
the compatibility condition:

VheH:h-k=k. (6.30)



Morphological kernel

k?(p) _ % (dg(2107p)

1 1
« «,p controls sharpness — + - =1
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« the metric contains the trainable parameters
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Problem

Recomputing p — dg (po, p) the whole time is expensive, instead:

ps(p) := inf [[log 9|5 ~ dg(po, p)

where we interpret p € G/H andso p C G.

In the principal case this is just pg(g) := HIOgG gHg :

Essentially: estimate distance by the shortest exponential curve.



Retinal vessel segmentation

Model (transformation group)  Parameters  DICE score %

CNN6T(2) 47,352 80.58 +0.17
G-CNN 6 SE(2) 39,258 80.85 +0.22
CDE-PDE-CNN 6 SE(2) 4,128 81.15 +0.18
CNN 12 T(2) 129,432 81.89 +0.05
G-CNN 12 SE(2) 114,378 81.92 +0.12

CDE-PDE-CNN 12 SE(2) 3,768 82.20 +0.07




RotNIST digit classification

LT RAN s 7€ D9/ NK)
wF8 bl b -9 0hV
AENINMNALSEPLINGES
njel- 9w ix (o]0~

S| bis*/61310/9|5/ ¢+ bS] /|@w
[[1]N=O]3|ova|5 19 N[40/4[~ 7
0~ 17269 blyllN\ON WY

Model (transformation group) Parameters = Accuracy %
LeNet5T(2) 44,426  97.42 +0.66
G-CNN Classifier 4 SE(2) 12,700  98.86 +0.21
CDE-PDE-CNN Classifier 4 SE(2) 2,542 98.90 +0.18
CDE-PDE-CNN Classifier 4 T(2) 2,518  98.96 +0.07



Dice Score

Limited training data & generalization

Train: DRIVE, Test: DRIVE
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Strengths & weaknesses

+ fewer parameters

+ geometric interpretability
+ need less data

+ equivariance

- computational complexity / memory capacity in higher dimensions
- strong geometric prior can be counter productive



O PyTOI’Ch extension

LieTorch

Geometric Machine Learning
and Lie Analysis

> conda install lietorch::lietorch
> pip install lietorch
> docker pull ghcr.io/bmnsmets/lietorch-ssh

A gitlab.com/bsmetsjr/lietorch



import torch.nn as nn
import lietorch.nn as lnn

C =28

n classes = 2
kernel size =
alpha = 0.65

(5, 5, 5)

model = nn.Sequential(
# 1ift 2D image [B,3,H+3,W+3] to the space of positions and orientations [B,C,8,H,W]
lnn.LiftM2Cartesian(in channels=3, out channels=C, orientations=8, kernel size=7),

# PDE layers in M2
1nn.CDEPdeLayerM2(C, C, kernel size, alpha),
lnn.CDEPdeLayerM2(C, C, kernel size, alpha),

# project M2 feature map [B,C,8,H,W] back to 2D [B,C,H,W]
1nn.MaxProjectM2(),

# make pointwise linear combinations to class logits [B,n classes,H,W]
nn.Conv2d(C, n classes, 1, 1, bias=False),

)

# a CDEPdeLayerM2 module is equivalent to:
nn.Sequential(
1nn.ConvectionM2(C),
Inn.FractionalDilationM2(C, kernel size, alpha),
lnn.FractionalErosionM2(C, kernel size, alpha),
lnn.LinearM2(C, C), # pointwise linear combination
nn.BatchNorm3d(C), # optional



Mathematics & Al : The Big Picture
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